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Abstract
We propose a new formulation which realizes exact twisted supersymme-
try for all the supercharges on a lattice by twisted superspace formalism. We
show explicit examples of N = 2 twisted supersymmetry invariant BF and
Wess-Zumino models in two dimensions. We introduce mild lattice noncom-
mutativity to preserve Leibniz rule on the lattice. The formulation is based
on the twisted superspace formalism for N = D = 2 supersymmetry which
was proposed recently. From the consistency condition of the noncommutativ-
ity of superspace, we find an unexpected three-dimensional lattice structure
which may reduce into two dimensional lattice where the superspace describes
semilocally scattered fermions and bosons within a double size square lattice.
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1 Introduction
We know by now that the lattice regularization is the existing most successful and
systematic regularization scheme of field theory which covers not only perturbative
but also non-perturbative regime. This is most successfully shown in lattice QCD.
It was also shown numerically and analytically that dynamical lattice triangulation
is the very powerful regularization scheme of two dimensional quantum gravity even
with matter degrees of freedom for the observable like the fractal dimension of
quantum surface[1].
It is thus very natural to expect that the lattice regularization may play an
important role even as a regularization scheme of unified theory of all interactions
including gravity. If we, however, try to consider to accommodate fermions and
bosons on the lattice we face with the notorious chiral fermion difficulty. If we stick
to obtain a chiral gauge theory, the difficulty may still remain or can be avoided by
the new definition of chiral symmetry on the lattice a` la Ginsparg-Wilson[2]. We
claim that there is an alternative approach on this problem.
The simplest version of the chiral fermion problem[3, 4] could be phrased in the
following: If we formulate a chiral invariant free Dirac Lagrangian on a lattice by
simply replacing the derivative operator to a difference operator, we cannot avoid of
having species doublers. This naive fermion formulation is equivalently transformed
to the staggered fermion by the spin diagonalization[5], which is equivalently trans-
formed to the Kogut-Susskind fermion[6] with an extra second derivative term[7, 8].
In fact all these formulations are equivalent each other and furthermore they are
obtained from Dirac-Ka¨hler fermion formalism which is formulated by differential
form[9]. In these frameworks the species doublers of the chiral fermion formulation
on the lattice can turn into “flavor” degrees of freedom. It was then proposed that
this “flavor” degrees of freedom is fundamentally related to the extended SUSY de-
grees of freedom, where the twisting procedure in the quantization of topological
field theories is essentially equivalent to the Dirac-Ka¨hler fermion mechanism[10].
It has then led to the proposal of a twisted superspace formalism [11].
It was shown that the quantized topological Yang-Mills action with instanton
gauge fixing led twisted N = 2 super Yang-Mills action where the BRST charge is
equivalent to the scalar component of twisted supercharge[12]. It was also shown
that the two-dimensional version of quantized topological Yang-Mills action of the
generalized gauge theory[13] with a two-dimensional instanton gauge fixing led to
N = 2 super Yang-Mills action[10]. In this investigation it was recognized that the
twisting is nothing but the Dirac-Ka¨hler fermion mechanism. Here is the explicit
realization of the “flavor” suffixes of the Dirac-Ka¨hler fermion as the N = 2 extended
SUSY suffixes. The R-symmetry of the N = 2 twisted SUSY algebra is the “flavor”
symmetry of Dirac-Ka¨hler fermion. It turned out that this Dirac-Ka¨hler twisting
mechanism works universally in the quantization of topological field theory and
an extended SUSY is generated. Furthermore the twisted superspace formulation
is hidden behind the formulation. This was explicitly shown for N = 2 twisted
SUSY invariant BF action and Wess-Zumino action [11]. In this context we can
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now recognize that the vector SUSY which was discovered in the quantization of
topological fields theories is the vector counter part of the twisted SUSY[14]. In this
paper we formulate this N = D = 2 twisted superspace on the lattice as a particular
example of general formulation.
Trials of formulating SUSY on the lattice has a long history which includes anal-
yses of Wess-Zumino model with the ideas of Nicolai mapping, stochastic processes
and others [15]. In those early investigations the difficulty of lattice SUSY formu-
lation was recognized since SUSY does not exist on the lattice due to the lack of
Poincare` symmetry. The domain wall fermion idea triggered not only the investiga-
tions of chiral fermion problem on the lattice but also lattice SUSY investigations
[16]. There are deconstruction approaches of SUSY invariant lattices where the
spatial lattice is created by “orbifolding” [17]. The lattice Wess-Zumino model was
investigated with the recent contexts by several authors [18]. There are some twisted
SUSY approaches on the lattice where the scalar part of the nilpotent super charge is
identified as the BRST charge[19]. A new type of fermionic symmetry was proposed
for super Yang-Mills theory [20]. There are many numerical lattice investigations to
try to answer the dynamical questions of supersymmetric gauge theories, which are
nicely reviewed in [21] and references are therein.
Here we propose a new formulation of lattice SUSY which is different from any
of past formulations in the following two points: Firstly we formulate a twisted
superspace on the lattice. Secondly we introduce mild noncommutativity to preserve
the lattice Leibniz rule. And then as a consequence we obtain exact lattice SUSY
for all twisted supercharges.
There are two important well-known obstacles in formulating lattice SUSY:
Firstly Poincare` invariance is lost on the lattice, thus SUSY is lost as well. Sec-
ondly Leibniz rule does not hold on the lattice. In the current approach superfields
satisfy the algebraic relations of twisted SUSY with a difference operator. In other
words SUSY holds exactly on the lattice with the help of superspace.
The importance of the Leibniz rule for lattice SUSY is stressed in [22]. It has
been recognized that the lattice Leibniz rule can be satisfied if we introduce mild
noncommutativity between the difference operator and a function. This type of
noncommutativity has been already investigated by several authors in the context
of noncommutative differential form on a lattice[23]. Since differential form can be
formulated on the lattice by the noncommutative geometry a` la Connes[24], it is
possible to formulate staggered fermion and Dirac-Ka¨hler fermion formulation on
the lattice in this framework [25]. In particular Clifford product was formulated
on the lattice and thus Dirac-Ka¨hler fermion can be successfully formulated with
this noncommutative framework[26]. In this paper we use this noncommutative
framework to establish twisted SUSY algebra.
This paper is organized as follows: In Section 2 we first discuss the Leibniz rule
and noncommutativity on the lattice. Then we summarize the continuum formu-
lation of twisted N = D = 2 SUSY and the corresponding superspace formulation
in Section 3. We then reformulate the twisted superspace on the lattice in Section
4. We construct explicit examples of twisted SUSY invariant BF and Wess-Zumino
2
actions in Section 5. We then summarize the results and discuss future problems in
the last section.
2 A new definition of the Leibniz rule on the lat-
tice
One of the difficulties in formulating exact SUSY on a regular lattice lies in the
fact that the continuum Poincare` group is broken by the lattice structure. The
Lorentz group on a hypercubic lattice is reduced to the finite group of rotations by
multiples of π/2 around the fundamental axis and translations are discretized to
integer multiples of the lattice spacing. As a consequence derivatives are replaced
on the lattice by finite differences, and these do not satisfy the Leibniz rule. This
is an important point, and defining lattice derivatives that satisfy the Leibniz rule
is a crucial step in establishing exact SUSY on a lattice. In view of that, we shall
devote the present section to a detailed discussion of this problem and show how
the Leibniz rule can be preserved on the lattice at the price of introducing a mild
noncommutativity in the definition of the derivative operator.
The derivative ∂µ is replaced on the lattice by the finite difference ∂+µ defined
by:
∂+µΦ(x) = Φ(x+ 2nˆµ)− Φ(x), (2.1)
where nˆµ corresponds to the shift of one lattice spacing in the µ direction. The
difference is taken on two lattice spacings for reasons that will be later clarified.
The definition (2.1) does not satisfy the Leibniz rule. In fact it is immediate to
verify that
∂+µ(Φ1(x)Φ2(x)) 6=
(
∂+µΦ1(x)
)
Φ2(x) + Φ1(x)
(
∂+µΦ2(x)
)
, (2.2)
and that we have instead the following relation:
∂+µ (Φ1(x)Φ2(x)) =
(
∂+µΦ1(x)
)
Φ2(x) + Φ1(x+ 2nˆµ)
(
∂+µΦ2(x)
)
. (2.3)
Eq. (2.3) defines a modified Leibniz rule satisfied by the finite difference ∂+µ on
the lattice. The new rule involves a certain degree of noncommutativity, in the sense
that as ∂+µ moves to the right of a function (for instance Φ1(x) in (2.3)) it produces
a corresponding shift in the argument. We may then define the lattice difference
operator which carries the shift 2nˆµ as follows:
∂+µΦ(x) =
−→
∆+µΦ(x)− Φ(x+ 2nˆµ)
−→
∆+µ, (2.4)
which reproduces the lattice version of modified Leibniz rule by the successive opera-
tion of
−→
∆+µ to the product of two functions. As we shall see in the following sections
this is a general feature shared by all symmetry operators consistently defined on
the lattice, including obviously the SUSY ones.
3
The violation of the Leibniz rule, and the modified rule(2.3) can be easily un-
derstood. In fact the infinitesimal generator Pµ = −i∂µ is associated on the lattice
with a finite translation generated by the shift operator
T (nˆµ) = e
−inˆµ·~P , (2.5)
where nˆµ is a unit vector in the µ direction: (nˆµ)
ν = δνµ. The shift operator generates
a corresponding shift in the argument of a field Φ(x) on the lattice:
T (nˆµ)Φ(x) = Φ(x− nˆµ)T (nˆµ). (2.6)
and can be used to define the difference operator. In fact if we define:
∆+µ = −T (2nˆµ), (2.7)
we have:
[∆+µ,Φ(x)] = T (2nˆµ) ∂+µΦ(x). (2.8)
Eqs (2.4) and (2.7) are two distinct ways of introducing the finite difference ∂+µΦ(x)
as a result of some type of commutator. In that respect they are both the lattice
equivalent of the commutator defining the partial derivative in the continuum:
[Pµ,Φ(x)] = −i∂µΦ. (2.9)
The two operators
−→
∆+µ and ∆+µ are obviously related. In general, if an operator
O satisfies the commutation relations
[O,Φ(x)] = T (aˆO)δOΦ(x), (2.10)
it follows that the operator
−→
O defined by
O = T (aˆO)
−→
O , (2.11)
obeys the following “shifted” commutator:
δOΦ(x) =
−→
OΦ(x)− Φ(x+ aˆO)
−→
O . (2.12)
In the last equations aˆO is a shift of the two dimensional lattice associated to the
operator O. In this article we discriminate the operators and fields which carry the
“shift” from normal ones by underlining the corresponding operators and fields. All
symmetry operators on the lattice that we shall consider in the rest of the paper
will satisfy commutation relations of the form (2.10) or, in their “arrowed” version,
of the form (2.12). Needless to say, the two formalism are entirely equivalent and
the use of one or the other will be dictated by convenience. The modified Leibniz
rule for a general operator on the lattice reads
δO (Φ1(x)Φ2(x)) = (δOΦ1(x)) Φ2(x) + Φ1(x+ aˆO) (δOΦ2(x)) . (2.13)
4
This is a straightforward consequence of (2.12) or equivalently, if we take the defi-
nition (2.8), of the Leibniz rule for the commutator.
In addition to the finite difference operator ∆+µ that carries a shift in the positive
direction of the µ-axis one can introduce a negative difference operator ∆−µ defined
by
∆−µ = T (−2nˆµ). (2.14)
Correspondingly we introduce a finite difference
∂−µΦ(x) = Φ(x)− Φ(x− 2nˆµ), (2.15)
which is obtained from the commutator
[∆−µ,Φ(x)] = T (−2nˆµ) ∂−µΦ(x), (2.16)
or from the “shifted commutator” using the operator
−→
∆−µ:
∂−µΦ(x) =
−→
∆−µΦ(x)− Φ(x− 2nˆµ)
−→
∆−µ = Φ(x)− Φ(x− 2nˆµ). (2.17)
Notice that from the definition of the “arrowed” operators (2.11) and Eqs (2.14)
and (2.7) we find:
−→
∆±µ = ∓1, (2.18)
consistently with (2.4) and (2.17).
In the following sections we shall also use instead of the variation δO of (2.10) a
symmetric variation δ
(s)
O defined by:
[O,Φ(x)] = T (
aˆO
2
)δ
(s)
O Φ(x)T (
aˆO
2
), (2.19)
or equivalently by
δ
(s)
O Φ(x) =
−→
OΦ(x−
aˆO
2
)− Φ(x+
aˆO
2
)
−→
O . (2.20)
Clearly δ
(s)
O Φ(x) and δOΦ(x) differ simply by a shift in the argument:
δ
(s)
O Φ(x) = δOΦ(x−
aˆO
2
). (2.21)
The advantage of δ
(s)
O is to make all formulas left-right symmetric, for instance the
modified Leibniz rule becomes:
δ
(s)
O (Φ1(x)Φ2(x)) =
(
δ
(s)
O Φ1(x)
)
Φ2(x−
aˆO
2
) + Φ1(x+
aˆO
2
) (δOΦ2(x)) . (2.22)
Besides, with the definition (2.19) the positive and negative finite difference opera-
tors ∆+µ and ∆−µ generate the same symmetric finite difference ∂
(s)
µ :
[∆±µ,Φ(x)] = T (±nˆµ)∂
(s)
µ Φ(x)T (±nˆµ), (2.23)
where
∂(s)µ Φ(x) = Φ(x+ nˆµ)− Φ(x− nˆµ). (2.24)
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3 N = 2 Twisted SUSY in continuum two dimen-
sions
In this section, we summarize the continuum formulation of N = 2 twisted su-
perspace which was proposed recently[11]. Throughout this paper, we consider
two-dimensional Euclidean space-time.
We first introduce two-dimensional N = D = 2 SUSY algebra:
{Qαi, Qβj} = 2δijγ
µ
αβPµ, (3.1)
where Qαi is supercharge, where the left-indices α(= 1, 2) and the right-indices
i(= 1, 2) are Lorentz spinor and internal spinor suffixes labeling two different N = 2
supercharges, respectively. We can take these operators to be Majorana in two
dimensions. Pµ is generator of translation.
Since the above supercharges have double spinor indices, we can decompose them
into the following scalar, vector and pseudo-scalar components which we call twisted
supercharges:
Qαi =
(
1s+ γµsµ + γ
5s˜
)
αi
. (3.2)
Then the relations (3.1) can be rewritten by the twisted generators:
{s, sµ} = Pµ, {s˜, sµ} = −ǫµνP
ν ,
s2 = s˜2 = {s, s˜} = {sµ, sν} = 0.
(3.3)
This is the twisted N = D = 2 SUSY algebra. In this paper we do not consider J
and R symmetry of the N = 2 algebra. The notations of gamma matrices are given
in Appendix A.
Similar to the supercharges we can introduce twisted super parameters as
θαi =
1
2
(
1θ + γµθµ + γ
5θ˜
)
αi
, (3.4)
then we can define N = 2 super symmetry transformation as
δθ = θαiQαi = θs+ θ
µsµ + θ˜s˜. (3.5)
3.1 Twisted superspace and superfield
We consider the following super group element:
G(xµ, θ, θµ, θ˜) = ei(−x
µPµ+θs+θµsµ+θ˜s˜), (3.6)
where θ’s are anticommuting parameters. Twisted N = D = 2 superspace is defined
in the parameter space of (xµ, θ, θµ, θ˜).
6
By using the relations (3.3), we can show the following relation:
G(0, ξ, ξµ, ξ˜)G(xµ, θ, θµ, θ˜) = G(xµ + aµ, θ + ξ, θµ + ξµ, θ˜ + ξ˜), (3.7)
where aµ = i
2
ξθµ + i
2
ξµθ + i
2
ǫµνξ
ν θ˜ + i
2
ǫµν ξ˜θ
ν . This multiplication induces a shift
transformation in superspace (xµ, θ, θµ, θ˜):
(xµ, θ, θµ, θ˜)→ (xµ + aµ, θ + ξ, θµ + ξµ, θ˜ + ξ˜), (3.8)
which is generated by the following differential operators Q, Qµ, and Q˜:
Q =
∂
∂θ
+
i
2
θµ∂µ,
Qµ =
∂
∂θµ
+
i
2
θ∂µ −
i
2
θ˜ǫµν∂
ν ,
Q˜ =
∂
∂θ˜
−
i
2
θµǫµν∂
ν .
(3.9)
Indeed we find
δξ


xµ
θ
θµ
θ˜

 = (ξQ+ ξµQµ + ξ˜Q˜)


xµ
θ
θµ
θ˜

 =


aµ
ξ
ξµ
ξ˜

 . (3.10)
These operators satisfy the following relations:
{Q,Qµ} = i∂µ, {Q˜, Qµ} = −iǫµν∂
ν ,
Q2 = Q˜2 = {Q, Q˜} = {Qµ, Qν} = 0.
(3.11)
The general scalar superfields in twisted N = D = 2 superspace are defined as
the functions of (xµ, θ, θµ, θ˜), and can be expanded as follows:
F (xµ, θ, θµ, θ˜) =φ(x) + θµφµ(x) + θ
2φ˜(x)
+ θ
(
ψ(x) + θµψµ(x) + θ
2ψ˜(x)
)
+ θ˜
(
χ(x) + θµχµ(x) + θ
2χ˜(x)
)
+ θθ˜
(
λ(x) + θµλµ(x) + θ
2λ˜(x)
)
,
(3.12)
where the leading component φ(x) can be taken to be not only bosonic but also
fermionic.
The transformation law of the superfield F is defined as follows:
δξF (x
µ, θ, θµ, θ˜) =δξφ(x) + θ
µδξφµ(x) + θ
2δξφ˜(x)
+ θ
(
δξψ(x) + θ
µδξψµ(x) + θ
2δξψ˜(x)
)
+ θ˜
(
δξχ(x) + θ
µδξχµ(x) + θ
2δξχ˜(x)
)
+ θθ˜
(
δξλ(x) + θ
µδξλµ(x) + θ
2δξλ˜(x)
)
=(ξQ+ ξµQµ + ξ˜Q˜)F (x
µ, θ, θµ, θ˜),
(3.13)
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where Q, Qµ and Q˜ are the differential operators (3.9). The transformation laws
of the component fields φA(x) = (φ(x), φµ(x), φ˜(x), . . . ) are obtained by compar-
ing coefficients of the same superspace parameters in (3.13) (see Table 1). Those
transformation laws lead to the following supercharge algebra:
{s, sµ} = −i∂µ, {s˜, sµ} = iǫµν∂
ν ,
s2 = s˜2 = {s, s˜} = {sµ, sν} = 0,
(3.14)
which are the same of (3.3) with Pµ = −i∂µ. It should be noted that the only dif-
ference between the supercharge algebra and the corresponding differential operator
algebra is a sign difference for the derivative.
φA sφA sµφ
A s˜φA
φ ψ φµ χ
φρ −ψρ −
i
2
∂ρφ −ǫµρφ˜ −χρ +
i
2
ǫρσ∂
σφ
φ˜ ψ˜ + i
2
ǫρσ∂ρφσ 0 χ˜−
i
2
∂ρφρ
ψ 0 ψµ −
i
2
∂µφ λ
ψρ −
i
2
∂ρψ −ǫµρψ˜ +
i
2
∂µφρ −λρ +
i
2
ǫρσ∂
σψ
ψ˜ i
2
ǫρσ∂ρψσ −
i
2
∂µφ˜ λ˜−
i
2
∂ρψρ
χ −λ χµ +
i
2
ǫµν∂
νφ 0
χρ λρ −
i
2
∂ρχ −ǫµρχ˜−
i
2
ǫµν∂
νφρ +
i
2
ǫρσ∂
σχ
χ˜ −λ˜ + i
2
ǫρσ∂ρχσ
i
2
ǫµν∂
ν φ˜ − i
2
∂ρχρ
λ 0 λµ +
i
2
∂µχ +
i
2
ǫµν∂
νψ 0
λρ −
i
2
∂ρλ −ǫµρλ˜−
i
2
∂µχρ −
i
2
ǫµν∂
νψρ
i
2
ǫρσ∂
σλ
λ˜ i
2
ǫρσ∂ρλσ
i
2
∂µχ˜+
i
2
ǫµν∂
νψ˜ − i
2
∂ρλρ
Table 1: N = 2 twisted SUSY transformation laws of the component fields of F .
Given the transformation laws of the component fields, we can expand the su-
perfield F as follows:
F (xµ, θ, θµ, θ˜) = eδθφ(x)
= φ(x) + δθφ(x) +
1
2
δθ
2φ(x) +
1
3!
δθ
3φ(x) +
1
4!
δθ
4φ(x),
(3.15)
where δθ is defined in (3.5).
As we have seen, the differential operators in (3.9) generate the shift transfor-
mation of superspace induced by left multiplication G(0, ξ, ξµ, ξ˜)G(xµ, θ, θµ, θ˜). On
the other hand, there exist the differential operators which generate the shift trans-
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formation induced by right multiplication G(xµ, θ, θµ, θ˜)G(0, ξ, ξµ, ξ˜):
D =
∂
∂θ
−
i
2
θµ∂µ,
Dµ =
∂
∂θµ
−
i
2
θ∂µ +
i
2
θ˜ǫµν∂
ν ,
D˜ =
∂
∂θ˜
+
i
2
θµǫµν∂
ν ,
(3.16)
which satisfy the relations:
{D,Dµ} = −i∂µ, {D˜,Dµ} = iǫµν∂
ν ,
D2 = D˜2 = {D, D˜} = {Dµ, Dν} = 0,
(3.17)
where only the sign of ∂µ is changed from the left operator algebra (3.11). Q
A =
(Q,Qµ, Q˜) and D
A = (D,Dµ, D˜) anticommute:
{QA, DB} = 0. (3.18)
3.2 Chiral and anti-chiral superfields
The chiral conditions for the twisted chiral superfield can be given by
DΨ(xµ, θ, θ˜, θµ) = 0, D˜Ψ(xµ, θ, θ˜, θµ) = 0. (3.19)
The details of the twisted chiral superfield formulation can be found in [11]. It is
convenient to rewrite the chiral conditions by using the operator which satisfy the
following relations for the differential operators:
UDU−1 =
∂
∂θ
, UD˜U−1 =
∂
∂θ˜
,
U−1DµU =
∂
∂θµ
, (3.20)
where
U = e−
i
2
(θθµ∂µ−θ˜ǫµνθµ∂ν). (3.21)
Then the chiral conditions (3.19) can be transformed into
∂
∂θ
UΨ(xµ, θ, θ˜, θµ)U−1 = 0,
∂
∂θ˜
UΨ(xµ, θ, θ˜, θµ)U−1 = 0, (3.22)
which leads
UΨ(xµ, θ, θ˜, θµ)U−1 = Ψ′(xµ, θµ). (3.23)
Then the solution for the original chiral condition (3.19) is obtained as
Ψ(xµ, θ, θ˜, θµ) = U−1Ψ′(xµ, θµ)U = Ψ′(zµ, θµ), (3.24)
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where
zµ = xµ +
i
2
θθµ −
i
2
ǫµνθ
ν θ˜. (3.25)
This solution can be expanded as follows:
Ψ(xµ, θ, θ˜, θµ) = Ψ′(zµ, θµ)
= φ(z) + θµψµ(z) + θ
2φ˜(z)
= φ(x) + θµψµ(x)
+ i
2
θθµ∂µφ(x) + θ
2φ˜(x)− i
2
ǫµνθ
ν θ˜∂µφ(x)
+ i
2
θθ2ǫµν∂µψν(x)−
i
2
θ2θ˜∂µψµ(x) +
1
4
θ4∂2φ(x),
(3.26)
where θ2 = 1
2
ǫµνθ
µθν and θ4 = θθ˜θ2.
Anti-chiral conditions for the anti-chiral superfield are given by
DµΨ(x
µ, θ, θ˜, θµ) = 0. (3.27)
Similar to the chiral condition (3.22), we can transform the original anti-chiral con-
dition (3.27) into the following form:
U−1DµUU
−1Ψ(xµ, θ, θ˜, θµ)U =
∂
∂θµ
U−1Ψ(xµ, θ, θ˜, θµ)U = 0, (3.28)
which leads
U−1Ψ(xµ, θ, θ˜, θµ)U = Ψ
′
(xµ, θ, θ˜). (3.29)
Then the solution for the original anti-chiral condition (3.27) is obtained as
Ψ(xµ, θ, θ˜, θµ) = UΨ
′
(xµ, θ, θ˜)U−1 = Ψ
′
(z˜µ, θ, θ˜), (3.30)
where
z˜µ = xµ −
i
2
θθµ +
i
2
ǫµνθ
ν θ˜. (3.31)
This solution can be expanded as follows:
Ψ(xµ, θ, θ˜, θµ) = Ψ
′
(z˜µ, θ, θ˜)
= ϕ(z˜) + θχ(z˜) + θ˜χ˜(z˜) + θθ˜ϕ˜(z˜)
= ϕ(x) + θχ(x) + θ˜χ˜(x)
+ θθ˜ϕ˜(x)− i
2
θθµ∂µϕ(x) +
i
2
ǫµνθ
ν θ˜∂µϕ(x)
− i
2
θθµθ˜(ǫµν∂
νχ(x) + ∂µχ˜(x)) +
1
4
θ4∂2ϕ(x).
(3.32)
The SUSY transformations of the chiral and anti-chiral superfields are given by
sAΨ(x
µ, θ, θ˜, θµ) = QAΨ(x
µ, θ, θ˜, θµ),
sAΨ(x
µ, θ, θ˜, θµ) = QAΨ(x
µ, θ, θ˜, θµ), (3.33)
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where sA = (s, s˜, sµ) and QA = (Q, Q˜,Qµ). These SUSY transformation can be
transformed into the following form by using the operator (3.21):
sAUΨ(x
µ, θ, θ˜, θµ)U−1 = UQAU
−1UΨ(xµ, θ, θ˜, θµ)U−1,
sAU
−1Ψ(xµ, θ, θ˜, θµ)U = U−1QAUU
−1Ψ(xµ, θ, θ˜, θµ)U, (3.34)
which can be equivalently written as
sAΨ
′(xµ, θµ) = Q′AΨ
′(xµ, θµ),
sAΨ
′
(xµ, θ, θ˜) = Q′′AΨ
′
(xµ, θ, θ˜), (3.35)
where Q′A = UQAU
−1 and Q′′A = U
−1QAU are given by
Q′ =
∂
∂θ
+ iθµ∂µ, Q˜
′ =
∂
∂θ˜
− iθµǫµν∂
ν , Q′µ =
∂
∂θµ
, (3.36)
Q′′ =
∂
∂θ
, Q˜′′ =
∂
∂θ˜
, Q′′µ =
∂
∂θµ
+ iθ∂µ − iθ˜ǫµν∂
ν .
(3.37)
The twisted N = 2 SUSY transformations of the chiral set (φ, ψµ, φ˜) and anti-
chiral set (ϕ, χ, χ˜, ϕ˜) are given in Table 2.
φA sφA sµφ
A s˜φA
φ 0 ψµ 0
ψρ −i∂ρφ −ǫµρφ˜ iǫρν∂
νφ
φ˜ iǫρσ∂ρψσ 0 −i∂
ρψρ
ϕ χ 0 χ˜
χ 0 −i∂µϕ ϕ˜
χ˜ −ϕ˜ iǫµν∂
νϕ 0
ϕ˜ 0 iǫµν∂
νχ + i∂µχ˜ 0
Table 2: N = 2 twisted SUSY transformation of chiral and anti-chiral twisted super
multiplet (φ, ψµ, φ˜) and (ϕ, χ, χ˜, ϕ˜).
After obtaining the twisted N = 2 SUSY transformation, we find the following
natural relations:
Ψ′(xµ, θµ) = eθ
µsµφ(x)
= φ(x) + θµsµφ(x) + θ
2s2s1φ(x)
= φ(x) + θµψµ(x) + θ
2φ˜(x),
Ψ
′
(x˜µ, θ, θ˜) = eθs+θ˜s˜ψ(x)
= ϕ(x) + θsϕ(x) + θ˜s˜ϕ(x) + θθ˜s˜sϕ(x)
= ϕ(x) + θχ(x) + θ˜χ˜(x) + θθ˜ϕ˜(x),
(3.38)
which shows that the components of the chiral and anti-chiral fields are defined by
operating the twisted supercharges to the leading field.
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3.3 N = 2 twisted supersymmetric BF and Wess-Zumino
actions
We now introduce off-shell N = 2 twisted supersymmetric action:
S =
∫
d2x
∫
d4θ
(
iǫΨΨ(xµ, θ, θµ, θ˜)Ψ(xµ, θ, θµ, θ˜)
)
. (3.39)
We can take the chiral superfields to be not only bosonic but also fermionic. ǫΨ
should be taken 0 or 1 for bosonic or fermionic (Ψ,Ψ), respectively.
For fermionic (Ψ,Ψ), the fields in the expansion of the superfield (3.26) and
(3.32) can be renamed as:
Ψ(xµ, θ, θ˜, θµ) = Ψ′(zµ, θµ) = ieθ
µsµc(z) = ic(z) + θµωµ(z) + iθ
2λ(z)
Ψ(xµ, θ, θ˜, θµ) = Ψ
′
(z˜µ, θ, θ˜) = ieθs+θ˜s˜c(z˜) = ic(z˜) + θb(z˜) + θ˜φ(z˜)− iθθ˜ρ(z˜),
(3.40)
where we have the correspondence of the fields; (ϕ, χ, χ˜, ϕ˜) → (ic, b, φ,−iρ) and
(φ, ψµ, φ˜)→ (ic, ωµ, iλ). N = 2 twisted SUSY transformations of the renamed fields
can be read off from Table 2. Then the action (3.39) leads
Sf =
∫
d2x
∫
d4θ (iΨΨ) =
∫
d2x
∫
d4θ eδθ(−icc)
=
∫
d2x ss˜
1
2
ǫµνsµsν(−ic¯c)
=
∫
d2x
(
φǫµν∂µων + b∂
µωµ + i∂µc∂
µc+ iρλ
)
, (3.41)
where δθ is defined in (3.5). This action can be identified as the quantized BF action
with auxiliary fields and has off-shell N = 2 twisted SUSY up to the surface terms
by construction.
For bosonic (Ψ,Ψ) the action (3.39) can be written as follows:
Sb =
∫
d2x
∫
d4θ (ΨΨ) =
∫
d2x
∫
d4θ eδθ(ϕφ)
=
∫
d2x ss˜
1
2
ǫµνsµsν(ϕφ)
=
∫
d2x
(
iχ˜ǫµν∂µψν + iχ∂
µψµ − ∂
µϕ∂µφ+ ϕ˜φ˜
)
, (3.42)
where (φ, ϕ, φ˜, ϕ˜) and (ψµ, χ, χ˜) are bosonic and fermionic fields, respectively. The
fermionic terms in (3.42) change into matter fermions via Dirac-Ka¨hler fermion
mechanism: ∫
d2x (iχ˜ǫµν∂µψν + iχ∂
µψµ) =
∫
d2x Tr
(
iξγµ∂µξ
)
, (3.43)
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where the Dirac-Ka¨hler fermion ξ is defined as
ξαβ =
1
2
(
1χ+ γµψµ + γ
5χ˜
)
αβ
, (3.44)
with ξ = CξTC−1 = ξT . It is natural to identify the fermionic antisymmetric tensor
fields, χ, ψµ, χ˜, as Dirac-Ka¨hler fields of 0-,1-,2-forms, respectively. We can recognize
that each spinor suffix of this Dirac-Ka¨hler fermion has the Majorana Weyl fermion
nature. We now redefine the bosonic fields as follows:
φ0 =
1
2
(φ+ ϕ), φ1 =
1
2
(φ− ϕ),
F0 =
1
2
(φ˜+ ϕ˜), F1 =
1
2
(φ˜− ϕ˜).
(3.45)
Then the action (3.42) can be rewritten by the new fields:
Sb =
∫
d2x
2∑
i=1
(
iξα
iγµαβ∂µξβ
i + ∂µφ
i∂µφi − F iF i
)
, (3.46)
where we further redefine iφ0 → φ2 and iF0 → F2. This is the 2-dimensional
version of N = 2 Wess-Zumino action which has off-shell N = 2 SUSY invariance
of standard N = 2 SUSY algebra (3.1). It is important to recognize at this stage
that the “flavor” suffix of the Dirac-Ka¨hler matter fermion in the action is N = 2
extended SUSY suffix.
3.4 Non-Abelian Extension
The Abelian version of the chiral and anti-chiral conditions (3.19) and (3.27) can be
covariantly extended to the following non-Abelian conditions:
DΦ(xµ, θ, θ˜, θµ)− iΦ2(xµ, θ, θ˜, θµ) = 0, D˜Φ(xµ, θ, θ˜, θµ) = 0, (3.47)
DµΨ(x
µ, θ, θ˜, θµ) = 0, (3.48)
where Φ(xµ, θ, θ˜, θµ) and Ψ(xµ, θ, θ˜, θµ) are, respectively, non-Abelian chiral and anti-
chiral superfields. Notice that the above extension makes sense only in the case of
Φ to be fermionic. Similar to the Abelian case we can transform the non-Abelian
chiral condition (3.47) into the following form:
∂
∂θ
Φ′ − i(Φ′)2 = 0, (3.49)
∂
∂θ˜
Φ′ = 0, (3.50)
where Φ′ ≡ UΦ(xµ, θ, θ˜, θµ)U−1 and U is given by (3.21). Unlike the Abelian case,
Φ′ is still a function of (xµ, θ, θ˜, θµ) due to inhomogeneous component in the non-
Abelian chiral condition (3.49). In order to find solutions for these chiral conditions,
we expand Φ′ as
Φ′(xµ, θ, θ˜, θµ) = F1(x
µ, θµ) + θB1(x
µ, θµ) + θ˜B2(x
µ, θµ) + θθ˜F2(x
µ, θµ). (3.51)
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Then the condition (3.49) leads
B1 − i(F1)
2 = 0, (3.52)
F2 + i [F1, B2] = 0, (3.53)
[F1, B1] = 0, (3.54)
{F1, F2}+ [B1, B2] = 0, (3.55)
while the other condition (3.50) leads
B2 = 0, F2 = 0. (3.56)
These conditions (3.52)∼(3.56) are solved as
B1 = i(F1)
2, B2 = 0, F2 = 0. (3.57)
Therefore the possible expression for Φ′ turns out to be
Φ′(xµ, θ, θ˜, θµ) = Ψ′(xµ, θµ) + iθ(Ψ′(xµ, θµ))2, (3.58)
where we have renamed F1(x
µ, θµ) as Ψ′(xµ, θµ) which satisfies the same form of the
Abelian chiral condition (3.22) by definition,
∂
∂θ
Ψ′(xµ, θµ) = 0,
∂
∂θ˜
Ψ′(xµ, θµ) = 0. (3.59)
We can then obtain the non-Abelian version of chiral superfield as:
Φ(xµ, θ, θ˜, θµ) = Ψ(xµ, θ, θ˜, θµ) + iθ(Ψ(xµ, θ, θ˜, θµ))2 (3.60)
where Ψ(xµ, θ, θ˜, θµ) ≡ U−1Ψ′(xµ, θµ)U = Ψ′(zµ, θµ) satisfies the same form of the
Abelian chiral conditions as (3.19),
DΨ(xµ, θ, θ˜, θµ) = 0, D˜Ψ(xµ, θ, θ˜, θµ) = 0. (3.61)
Since the non-Abelian version of the anti-chiral condition (3.48) has the same
form as the Abelian condition (3.27), the solution of the anti-chiral superfield should
have the similar form as Abelian case:
Ψ(xµ, θ, θ˜, θµ) = UΨ
′
(xµ, θ, θ˜)U−1 = Ψ
′
(z˜µ, θ, θ˜). (3.62)
Similar to the Abelian case, the super transformations for the component fields
can be read off from
sAΦ
′(xµ, θ, θ˜, θµ) = Q′AΦ
′(xµ, θ, θ˜, θµ) (3.63)
sAΨ
′
(xµ, θ, θ˜) = Q′′AΨ
′
(xµ, θ, θ˜), (3.64)
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fields s sρ s˜
c −c2 −iωρ 0
ωµ ∂µc+ [ωµ, c] −iǫρµλ −ǫµν∂νc
λ ǫµν∂µων + ǫµνωµων − {c, λ} 0 −∂µωµ
c¯ −ib 0 −iφ
b 0 ∂ρc¯ −iρ
φ iρ −ǫρν∂ν c¯ 0
ρ 0 −∂ρφ− ǫρν∂νb 0
Table 3: N = 2 twisted SUSY transformation of component fields for non-Abelian
BF.
where Q′A and Q
′′
A are, respectively, given by (3.36) and (3.37). More explicitly we
can equivalently write as
sΨ′(xµ, θµ) = Q′Ψ′(xµ, θµ) + iΨ′
2
(xµ, θµ), s˜Ψ′(xµ, θµ) = Q˜′Ψ′(xµ, θµ),
sµΨ
′(xµ, θµ) = Q′µΨ
′(xµ, θµ), (3.65)
sΨ
′
(xµ, θ, θ˜) = Q′′Ψ
′
(xµ, θ, θ˜), s˜Ψ
′
(xµ, θ, θ˜) = Q˜′′Ψ
′
(xµ, θ, θ˜),
sµΨ
′
(xµ, θ, θ˜) = Q′′µΨ
′
(xµ, θ, θ˜), (3.66)
where Ψ′(xµ, θµ) and Ψ
′
(xµ, θ, θ˜) has the similar expansion form as the Abelian case
(3.40).
The non-Abelian version of N = 2 twisted SUSY transformation is given in Table 3.
The non-Abelian version ofN = 2 twisted supersymmetric action can be constructed
in the similar way as the Abelian case:
SBF =
∫
d2x
∫
d4θ Tr (iΨΦ) =
∫
d2x ss˜
1
2
ǫµνsµsν Tr (−ic¯c)
=
∫
d2x Tr
[
φ(ǫµν∂µων + ǫµνωµων − {c, λ})
+b∂µωµ − ic¯∂µDµc+ iρλ
]
, (3.67)
with Dµc ≡ ∂µc+[ωµ, c]. This action can be identified as the quantized non-Abelian
BF model with Landau gauge fixing accompanied by auxiliary fields .
4 Exact twisted SUSY on a lattice
The N = 2 twisted SUSY algebra in two continuum dimensions has been reviewed
in Section 3, and fully discussed in Ref [11]. In this section we formulate the twisted
superspace on a lattice parallel to the continuum formulation. We introduce a mild
noncommutativity to preserve the lattice Leibniz rule as we discussed in Section 2.
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4.1 N = D = 2 twisted superspace on a lattice
Twisted N = D = 2 superspace is defined by the parameter space (xµ, θA) where the
label A can take four values. The differential operators QA that generate infinites-
imal SUSY transformations in superspace were given in Eq.(3.9) and the algebra
they satisfy in Eq. (3.11). It will sometimes be convenient in this section, rather
than writing the individual equations, to use a compact notation and write the
differential operators as
QA =
∂
∂θA
+
i
2
fµABθ
B∂µ, (4.1)
and the corresponding algebra as
{QA, QB} = −if
µ
AB∂µ, (4.2)
where the constants fµAB are symmetric in AB and can be read from (3.11).
As discussed in Section 2 the derivative operator ∂µ is replaced on a square
lattice by one of the finite difference operators ∆+µ and ∆−µ defined in Eqs (2.7)
and (2.14). So if we denote the generators of the SUSY algebra (4.2) on the lattice
by the same QA then the algebra becomes:
{QA, QB} = −if
µ
AB∆±µ. (4.3)
The ambiguity at the r.h.s. of (4.3) is inherent to the lattice formulation and has to
be removed by choosing, for each pair of values of A and B corresponding to a non
zero value of fµAB, either ∆+µ or ∆−µ. As we shall see shortly this can be done on
consistency grounds. In view of the algebra (4.3) and of the commutators (2.8) and
(2.16) it is natural to assume that the supercharges QA act on a superfield F(x, θ)
according to Eq. (2.10), namely:
[QA,F(x, θ)} = T (2aˆA) sAF(x, θ) = T (aˆA) s
(s)
A F(x, θ) T (aˆA), (4.4)
where sA and s
(s)
A are SUSY transformations (the latter symmetrized in the sense
of Section 2) and T (2aˆA) the shift operator associated to QA. The mixed bracket
notation at the l.h.s. denotes a commutator or an anticommutator according to the
Grassmann grading of F(x, θ).
Consistency of Eq. (4.4) with the graded algebra (4.3) leads to a set of equations
for the shifts aˆA associated to the SUSY transformations. In fact, consider the Jacobi
identity1:
[{QA, QB},F(x, θ)]− {[QB,F(x, θ)], QA}+ {[F(x, θ), QA], QB } = 0. (4.5)
From the super algebra (4.3) and the commutators (4.4) and (2.8) we obtain:
−ifµAB T (±2nˆµ) ∂±µF(x, θ) + T (2aˆB)T (2aˆA) sBsAF(x, θ)
+ T (2aˆA)T (2aˆB) sAsBF(x, θ) = 0. (4.6)
1We take F(x, θ) here to be a bosonic superfield. Obvious changes in the signs would apply in
the fermionic case.
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As shifts are additive this implies the following relations:
aˆA + aˆB = ±nˆµ iff f
µ
AB 6= 0, (4.7)
and
(sBsA + sAsB)F(x, θ) = if
µ
AB∂±µF(x, θ). (4.8)
In both (4.7) and (4.8) the plus (resp. minus) sign at the r.h.s. is chosen if ∆+µ
(resp. ∆−µ) appears at the r.h.s. of (4.3). Consider now the shift equations (4.7) in
the specific case of the super algebra (3.11). By setting in (4.7) the values of A and
B for which fµAB 6= 0 we obtain the following equations:
i) aˆ+ aˆ1 = ±nˆ1, ii) aˆ+ aˆ2 = ±nˆ2,
iii) ˆ˜a+ aˆ1 = ±nˆ2, iv) ˆ˜a+ aˆ2 = ±nˆ1. (4.9)
In principle the signs at the r.h.s. of Eqs (4.9) can be chosen in an arbitrary way.
However by comparing the linear combinations i) + iv) and ii) + iii) one finds that
the resulting equations are compatible only if the signs in front of nˆ1 in i) and iv) are
opposite and at the same time the signs in front of nˆ2 in ii) and iii) are also opposite.
If these conditions are satisfied, the linear combinations i) + iv) and ii) + iii) are
compatible and are equivalent to a unique condition, namely the vanishing of the
sum of all shifts:
aˆ+ aˆ1 + aˆ2 + ˆ˜a = 0. (4.10)
The system (4.9) is then replaced by the condition (4.10) plus two of the equations
(4.9), for instance i) and ii), that form with (4.10) a system of linearly independent
equations. As the linearly independent equations are now only three, the solution
will depend on an arbitrary vector. In other words, one of the shifts, for instance
aˆ, is not determined and can be chosen arbitrarily. Besides this arbitrariness, there
are four possible sign choices in Eqs i) and ii) that will give four distinct solutions.
Let us postpone the discussion about the meaning of such multiplicity of solutions
and concentrate for the moment on a specific sign choice, choosing for instance the
plus sign at the r.h.s. of both i) and ii). The linearly independent shift equations
are then given by Eq. (4.10) and by
i) aˆ+ aˆ1 = +nˆ1, ii) aˆ + aˆ2 = +nˆ2. (4.11)
As already remarked this system does not determine aˆA completely and one shift,
say aˆ can be treated as a free parameter. The whole formalism can be developed
without ever specifying this free parameter and in what follows, unless otherwise
specified, the formulas (such as for instance the different superfield expansions) will
be valid for an arbitrary aˆ. On the other hand it will be convenient, in order to
represent the different component fields on a two dimensional square lattice, to make
a particular choice for aˆ. In this respect two choices appear to be particularly con-
venient: the first one is the most symmetric, in the sense that all vectors aˆ, aˆ1, ˆ˜a, aˆ2
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have the same length and can be obtained from any of them by successive rotations
of π
2
:
A) aˆ ≡ (1/2, 1/2), ˆ˜a ≡ (−1/2,−1/2), aˆ1 ≡ (1/2,−1/2), aˆ2 ≡ (−1/2, 1/2).
(4.12)
The second choice, which we shall call “asymmetric”, corresponds to putting simply
aˆ = 0 and gives:
B) aˆ ≡ (0, 0), ˆ˜a ≡ (−1,−1), aˆ1 = nˆ1 ≡ (1, 0), aˆ2 = nˆ2 ≡ (0, 1). (4.13)
Let us consider now the three extra solutions that correspond to the three re-
maining choices of the signs in i) and ii). It is easy to check that these can be
obtained from (4.12) by the mirror image reflection with respect to 1- and/or 2-
axis. Now the problem is: why four distinct solutions? As long as one restricts
oneself to the SUSY algebra (3.11), then one can consistently choose one solution,
say (4.12), and forget about the others. However if one wants to implement on
the lattice the R-symmetry and the discrete Lorentz rotations of multiples of π/2
(which is beyond the scope of the present paper) then all four solutions will have
to be considered. In fact R-symmetry and discrete Lorentz rotations would mix the
SUSY algebras on the lattice that correspond to the four different solutions. With
the sign choice (4.11) all ambiguity in (4.3) is removed and we can explicitly write
the non trivial anticommutators of the super algebra (3.11) on the lattice:
{Q,Qµ} = i ∆+µ, {Q˜, Qµ} = −i ǫµν ∆−ν . (4.14)
An explicit representation of the algebra (4.14) in terms of the θA variables can
easily be found:
Q = ∂
∂θ
+ i
2
θµ∆+µ, Q˜ =
∂
∂θ˜
− i
2
ǫµνθ
µ∆−ν ,
Qµ =
∂
∂θµ
+ i
2
(
θ∆+µ − θ˜ǫµν∆−ν
)
. (4.15)
The supercharges (4.15) are consistent with the SUSY variations (4.4) only if
the superfield F(x, θ) itself depends on the shift operators T (2aˆA). It is not difficult
to check that the correct dependence is obtained by simply replacing in F(x, θ) the
Grassmann variables θA with “dressed” Grassmann variables θA defined as:
θA = T (2aˆA)θ
A. (4.16)
Notice that the new variables θA do not (anti)commute anymore with a field Ψ(x):
θAΨ(x+ aˆA) = (−1)
|Ψ|Ψ(x− aˆA)θ
A. (4.17)
The expansion of a superfield F(x, θA) into its component fields has to now take into
account the noncommutativity of the Grassmann variables θA shown in (4.17). As
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a result the arguments of the component fields are sensitive to their relative order
with respect to the Grassmann θ variables:
F(x, θA) = ϕ(x) + θAϕA(x+ aˆA) +
1
2
θAθBϕAB(x+ aˆA + aˆB) + · · ·
= ϕ(x) + (−1)|ϕ|ϕ
A
(x− aˆA)θA +
1
2
ϕ
AB
(x− aˆA − aˆB)θAθB + · · · .
(4.18)
The superfield F(x, θA) and its leading component ϕ(x) are defined on a lattice L (
x ∈ L) which will be specified later. It is clear from (4.18) that the support of the
other components are lattices shifted with respect to L. For instance the field ϕ
A
is
defined on a lattice LA which is shifted of aˆA with respect to L.
So it is apparent from (4.18) that a superfield on the lattice is a non local object
since the component fields of F(x, θA) are spread on a cluster of points around x.
It is also true the vice versa in the sense that a component field on a definite site,
for instance ϕ
A
(x − aˆA), is not linked to a definite superfield but can appear as a
component field either in the expansion of F(x, θA) or of F(x− 2aˆA, θA) according
to which of the two expansions in (4.18) is used. Let us now determine the lattice
L. Consider first that the multiplication of a superfield by θA has to be well defined
in order to have a well defined multiplication between two superfields. Hence in the
relation
θA F(x, θ) = (−1)
|F|F(x− 2aˆA, θ) θA, (4.19)
both sides have to be well defined, and the r.h.s. makes sense only if from x ∈ L it
follows x − 2aˆA ∈ L for any A. Suppose now that the origin of the axis is a point
of on L, then all points of L are obtained as linear combinations, with integer even
coefficients, of the fundamental shifts aˆA. As a matter of fact, because of (4.10),
these are not linearly independent and any three of them, for instance aˆ and aˆµ, can
be chosen as basis:
x ∈ L iff x = 2kaˆ+ 2k1aˆ1 + 2k2aˆ2, (4.20)
which can also be written as
x = 2(k − k1 − k2)aˆ+ 2k1nˆ1 + 2k2nˆ2. (4.21)
Eq. (4.20) shows an interesting and unexpected feature. Although the original
theory is two-dimensional the resulting lattice, corresponding to the most general
choice of the shifts aˆA, naturally lives in three dimensions as it is parameterized by
the three integers {k, k1, k2}. See Fig. 1. Of course only two of the dimensions are
dynamical, in the sense that only finite differences in the nˆ1 and nˆ2 directions appear
in the algebra and eventually in the Lagrangian. The third dimension, defined by
the aˆ direction in (4.21), appears to be essentially related to the realization of SUSY
although a deeper understanding of this point is probably needed. The lattices LA,
LAB etc. on which the different components of the superfield are defined can be easily
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Figure 1: Three-dimensional lattice sites
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Figure 2: Configuration of component
fields in a fundamental cell of L0.
obtained from (4.18) by inserting x given in (4.20). It is convenient to relabel the
component fields in the expansion ofF(x, θ) according to the following labeling of the
expansion parameters: θA = (θS, θµ, θP ) = (θ, θµ, θ˜). For instance the coefficient of
θ˜ θ1 in the expansion of F(x, θ) will be denoted by ϕP1 and so on. We find then that:
i) Due to the vanishing sum of aˆA, Eq. (4.10), component fields with complementary
sets of labels are defined on the same lattice. For instance ϕ
S12P
has the same
support L as ϕ, ϕ
S2P
the same as ϕ
1
and so on. Without loss of generality we can
then restrict ourselves to component fields whose labels do not contain the index P .
ii) Consider then the field ϕ
i
with i ∈ {∅, {S}, {1}, {2}, {S1}, {S2}, {12}, {S12}}.
It is defined on the lattice Li whose points y are of the form
y = mS aˆ+m1 aˆ1 +m2 aˆ2, (4.22)
where mS, m1, m2 are odd integers if the label i of the field contains the correspond-
ing index and even integers otherwise. For instance if i ≡ {S1} then mS and m1 are
odd and m2 even. The union L0 of all Li’s , namely L0 =
⋃
i Li is made of all the
points given in (4.22) with arbitrary integers mS, m1, m2. A particular superfield
can be associated with a fundamental cell of L0, its component fields being associ-
ated in pairs its vertices. Moving of one unit in any of the three directions of the
lattice (namely increasing of one unit any of the integers mS , m1, m2) leads from a
site occupied by a bosonic component field to one occupied by a fermionic one or
vice versa. See Fig. 2.
The symmetric and asymmetric choices A) and B) of the shift parameters amount
to impose an extra linear relation (respectively aˆ = 1
2
(nˆ1 + nˆ2) and aˆ = 0) among
the shifts, and hence to effectively reduce the dimension of the lattice from three to
two. Consider for instance the symmetric parameter choice A). If we insert in (4.21)
the relation aˆ = 1
2
(nˆ1 + nˆ2) we find for the points x of the lattice L on which the
superfield is defined:
x = (2k1 + h)nˆ1 + (2k2 + h)nˆ2, (4.23)
where h = k − k1 − k2 is an arbitrary integer. Hence the coordinates of x on the
two dimensional plane are given by either two even integers (if h is even) or two
odd integers (if h is odd). In this choice all shifts aˆA have half integer coordinates
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Figure 3: Component fields on the lattice with the symmetric choice of shift pa-
rameter A) for F(x, θA) where θA is located on (a) the left and (b) the right of the
component fields.
(see Eq. (4.12)), it is then clear from (4.18) that the field ϕ
A
is defined on a lattice
LA which is shifted with respect to L and whose sites have half-integer coordinates.
In general, as clearly shown in the expansion (4.18), with the symmetric choice A)
if bosonic fields are defined on sites with integer coordinates fermionic fields have
half-integer coordinates and vice versa. The position on the lattice of the different
component fields of F(x, θA) for the symmetric parameter choice A) is shown in
Fig.3, where (a) and (b) refer to the two expansions of Eq. (4.18).
In the asymmetric parameter choice B) (aˆ = 0) we have simply from (4.21):
x = 2k1nˆ1 + 2k2nˆ2, (4.24)
hence the sites of L are all of the (even,even) type. As all shifts aˆA have integer
coordinates bosonic and fermionic component fields are all defined on integer sites
and the same site has in general both bosonic and fermionic fields. This is shown in
Fig.4 where the position on the lattice of the different component fields of F(x, θA)
is shown.
Following the pattern already introduced in Section 2, Eq. (2.11), it is convenient
to define the “arrowed” supercharges
−→
QA:
QA = T (2aˆA)
−→
QA, (4.25)
which have an expression in terms of θA:
−→
Q = ∂
∂θ
+ i
2
θµ
−→
∆+µ,
−→
Q˜ = ∂
∂θ˜
− i
2
ǫµνθ
µ−→∆−ν ,
−→
Qµ =
∂
∂θµ
+ i
2
(
θ
−→
∆+µ − ǫµν θ˜
−→
∆−ν
)
. (4.26)
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Figure 4: Component fields on the lattice with the asymmetric choice of shift pa-
rameter B) for F(x, θA) where θA is located on (a) the left and (b) the right of the
component fields.
Using the
−→
QA charges SUSY transformations sA on a lattice can be written as shifted
commutators as in (2.12):
sAF(x, θ) =
−→
QA F(x, θ)− (−1)
|F|F(x+ 2aˆA, θ)
−→
QA, (4.27)
while for the “symmetrized” variations s
(s)
A we have:
s
(s)
A F(x, θ) =
−→
QA F(x− aˆA, θ)− (−1)
|F|F(x+ aˆA, θ)
−→
QA. (4.28)
It is worth to note here that the location of the lattice position of the component
fields in s
(s)
A F(x, θ) is not necessary on x. Eqs (4.27) or (4.28) can be used to
calculate the SUSY transformations of the component fields of the superfield F(x, θ)
by calculating both side of the equation and equating the coefficients of the expansion
in θA. Let us write the expansion of F(x, θ) using the same notations as in the
continuum case ( Eq. (3.12)):
F(x, θ) =φ(x) + θµφ
µ
(x+ aˆµ) + θ2φ˜(x+ aˆ1 + aˆ2)
+ θ
(
ψ(x+ aˆ) + θµψ
µ
(x+ nˆµ) + θ
2ψ˜(x− ˆ˜a)
)
+ θ˜
(
χ(x+ ˆ˜a) + θµχ
µ
(x− |ǫµν |nˆν) + θ
2χ˜(x− aˆ)
)
+ θθ˜
(
λ(x+ aˆ+ ˆ˜a) + θµλµ(x+ nˆµ + ˆ˜a) + θ
2λ˜(x)
)
.
(4.29)
The position on the lattice of the different component fields of F(x, θ) can be recog-
nized by the same figures for (4.18): Figs; 3, 4 with the identifications: (ϕ) = (φ),
(ϕ
S
, ϕ
1
, ϕ
2
, ϕ
P
) = (ψ, φ
1
, φ
2
, φ˜), (ϕ
S1
, ϕ
S2
, ϕ
SP
, ϕ
12
, ϕ
1P
, ϕ
2P
) = (ψ
1
, ψ
2
, λ, φ˜, χ
1
, χ
2
),
(ϕ
S12
, ϕ
S1P
, ϕ
S2P
, ϕ
12P
) = (ψ˜, λ1, λ2, χ˜), (ϕS12P ) = (λ˜).
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By inserting the expansion above into Eq. (4.28) and using the explicit form
of the supercharges
−→
QA, one obtains the SUSY transformations of the different
components of F(x, θ). These are given in Table 4. The arguments of the fields
φA sφA sµφ
A s˜φA
φ ψ φ
µ
χ
φ
ρ
−ψ
ρ
− i
2
∂(s)ρ φ −ǫµρφ˜ −χρ +
i
2
ǫρσ∂
(s)
σ φ
φ˜ ψ˜ + i
2
ǫρσ∂(s)ρ φσ 0 χ˜−
i
2
∂(s)ρ φρ
ψ 0 ψ
µ
− i
2
∂(s)µ φ λ
ψ
ρ
− i
2
∂(s)ρ ψ −ǫµρψ˜ +
i
2
∂(s)µ φρ −λρ +
i
2
ǫρσ∂
(s)
σ ψ
ψ˜ i
2
ǫρσ∂(s)ρ ψσ −
i
2
∂(s)µ φ˜ λ˜−
i
2
∂(s)ρ ψρ
χ −λ χ
µ
+ i
2
ǫµν∂
(s)
ν φ 0
χ
ρ
λρ −
i
2
∂(s)ρ χ −ǫµρχ˜−
i
2
ǫµν∂
(s)
ν φρ +
i
2
ǫρσ∂
(s)
σ χ
χ˜ −λ˜ + i
2
ǫρσ∂(s)ρ χσ
i
2
ǫµν∂
(s)
ν φ˜ −
i
2
∂(s)ρ χρ
λ 0 λµ +
i
2
∂(s)µ χ +
i
2
ǫµν∂
(s)
ν ψ 0
λρ −
i
2
∂(s)ρ λ −ǫµρλ˜−
i
2
∂(s)µ χρ −
i
2
ǫµν∂
(s)
ν ψρ
i
2
ǫρσ∂
(s)
σ λ
λ˜ i
2
ǫρσ∂(s)ρ λσ
i
2
∂(s)µ χ˜+
i
2
ǫµν∂
(s)
ν ψ˜ −
i
2
∂(s)ρ λρ
Table 4: N = 2 twisted SUSY transformation of the component fields of the super-
field F(x, θ) on a lattice.
in Table 4 should be the appropriate ones corresponding to the expansion (4.29).
Consider for example in Table 4 the field ψ whose argument in the expansion (4.29)
is x + aˆ. The argument of sµψ = ψµ −
i
2
∂µφ is then x + aˆ + aˆµ = x + nˆµ which is
consistent again with the expansion (4.29). More explicitly,
sµψ(x+ aˆ) = ψµ(x+ aˆ+ aˆµ)−
i
2
∂+µφ(x)
= ψ
µ
(x+ aˆ+ aˆµ)−
i
2
∂(s)µ φ(x+ aˆ+ aˆµ), (4.30)
where the symmetric difference operator ∂(s)µ is originated from the positive difference
operator ∂+µ and thus carries +2nˆµ shift. It should be remembered that if a field
Φ(x) is bosonic (resp. fermionic) then sAΦ is fermionic (resp. bosonic) and is defined
on the sites x+ aˆA.
The SUSY transformations on the lattice of Table 4 coincide with the ones ob-
tained in the continuum (see Table 1) by defining sAF (x
µ, θ, θµ, θ˜) = {QA, F (x
µ, θ, θµ, θ˜)}
provided we replace the fields in the continuum with the corresponding underlined
fields on the lattice, we make the appropriate shifts in the fields’ arguments and we
replace the partial derivative ∂µ with the symmetrized finite difference ∂
(s)
µ .
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Finally let us consider the Leibniz rule, which follows from the Leibniz rule for
the (anti)commutator (4.4) or more directly from Eqs (4.27) or (4.28):
sA(F1(x, θ) F2(x, θ)) = (sAF1(x, θ)) F2(x, θ)
+ (−1)|F1|F1(x+ 2aˆA, θ) (sAF2(x, θ)), (4.31)
s
(s)
A (F1(x, θ) F2(x, θ)) = (s
(s)
A F1(x, θ)) F2(x− aˆA, θ)
+ (−1)|F1|F1(x+ aˆA, θ) (s
(s)
A F2(x, θ)). (4.32)
4.2 Chiral superfields
Chiral and anti-chiral conditions were defined in the continuum using the differential
operators which generate the shift transformation induced by right multiplication
in superspace. They are given explicitly in Eq. (3.16) which can be summarized in
the compact notation of Eq. (4.1) as:
DA =
∂
∂θA
−
i
2
fµABθ
B∂µ. (4.33)
They anticommute with the SUSY generators QA and satisfy the same algebra, up
to a sign: {DA, DB} = −{QA, QB} = if
µ
AB∂µ. The definition of DA on a square
lattice proceeds in the same way as for QA. If we denote by DA the corresponding
lattice operators we have, in analogy with (4.3)
{DA, DB} = i f
µ
AB∆±µ. (4.34)
The sign ambiguity is resolved in exactly the same way as for the SUSY generators
QA, and in analogy with Eq. (4.14) we find:
{D,Dµ} = −i ∆+µ, {D˜,Dµ} = i ǫµν ∆−µ, (4.35)
with all the other anticommutators vanishing. Again an explicit expression for DA
satisfying (4.35) can easily be found:
D = ∂
∂θ
− i
2
θµ∆+µ, D˜ =
∂
∂θ˜
+ i
2
ǫµνθ
µ∆−ν ,
Dµ =
∂
∂θµ
− i
2
(
θ∆+µ − θ˜ǫµν∆−ν
)
. (4.36)
Alternatively, as in the case of the supercharges QA it is possible to introduce the
arrowed differential operators
−→
DA defined by
DA = T (2aˆA)
−→
DA. (4.37)
Their explicit form is quite similar to the one given for QA in (4.26), namely:
−→
D = ∂
∂θ
− i
2
θµ
−→
∆+µ,
−→
D˜ = ∂
∂θ˜
+ i
2
ǫµνθ
µ−→∆−ν ,
−→
Dµ =
∂
∂θµ
− i
2
(
θ
−→
∆+µ − ǫµν θ˜
−→
∆−ν
)
. (4.38)
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It is convenient, as in the continuum case, to write the differential operators DA
as
UDU−1 = ∂
∂θ
, UD˜U−1 = ∂
∂θ˜
,
U−1DµU =
∂
∂θµ
, (4.39)
where the operator U is given by
U = e−
i
2(θθ
µ∆+µ−θ˜ǫµνθµ∆−ν) = e−
i
2(θθ
µ−→∆+µ−θ˜ǫµνθ
µ−→∆−ν). (4.40)
We shall now consider chiral and anti-chiral superfields on the lattice, which we shall
denote respectively Ψ(x, θ) and Ψ(x, θ). They are defined by imposing on a generic
superfield F(x, θ) the chiral and anti-chiral conditions, namely:
D Ψ(x, θ) ≡ [D,Ψ(x, θ)} = 0, D˜ Ψ(x, θ) ≡
[
D˜,Ψ(x, θ)
}
= 0, (4.41)
Dµ Ψ ≡
[
Dµ,Ψ(x, θ)
}
= 0. (4.42)
The general solution of the chiral and anti-chiral conditions (4.41) and (4.42) can be
found by using the form (4.39) of the differential operators DA. In fact if we define
UΨ(x, θ)U−1 = Ψ
′
(x, θ), (4.43)
U−1Ψ(x, θ)U = Ψ
′
(x, θ), (4.44)
the conditions (4.41) and (4.42) respectively become:
∂
∂θ
Ψ
′
(x, θ) = 0,
∂
∂θ˜
Ψ
′
(x, θ) = 0, (4.45)
and
∂
∂θµ
Ψ
′
(x, θ) = 0. (4.46)
Hence the reduced superfields Ψ
′
(x, θ) and Ψ
′
(x, θ) are functions only of (x, θµ) and
of (x, θ, θ˜) respectively:
Ψ
′
(x, θ) = φ(x) + θµψ
µ
(x+ aˆµ) + θ
1θ2φ˜(x+ aˆ1 + aˆ2), (4.47)
Ψ
′
(x, θ) = ϕ(x) + θχ(x+ aˆ) + θ˜χ˜(x+ ˆ˜a) + θθ˜ϕ˜(x+ aˆ + ˆ˜a). (4.48)
Finally, by inserting (4.47) and (4.48) respectively into (4.43) and (4.44) a straight-
forward calculation gives the explicit expansion of a chiral and anti-chiral superfield
on the lattice:
Ψ(x, θ) = φ(x) + θµψ
µ
(x+ aˆµ) +
1
2
ǫµνθ
µθνφ˜(x+ aˆ1 + aˆ2) +
i
2
θθµ∂(s)µ φ(x+ nˆµ)
−
i
2
θ˜ǫµνθ
µ∂(s)ν φ(x− nˆν) +
i
4
θǫµνθ
µθνǫρσ∂
(s)
ρ ψσ(x+ nˆ1 + aˆ2)
−
i
4
θ˜ǫµνθ
µθν∂(s)ρ ψρ(x− aˆ) +
1
4
θθ˜ǫµνθ
µθν∂(s)ρ ∂
(s)
ρ φ(x), (4.49)
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Ψ(x, θ) = ϕ(x) + θχ(x+ aˆ) + θ˜χ˜(x+ ˜ˆa) + θθ˜ϕ˜(x+ aˆ + ˆ˜a)
−
i
2
θθµ∂(s)µ ϕ(x+ nˆµ) +
i
2
θ˜θµǫµν∂
(s)
ν ϕ(x− nˆν) +
i
2
θθ˜ǫµνθ
µ∂(s)ν χ(x+ nˆµ + ˆ˜a)
+
i
2
θθ˜θµ∂(s)µ χ˜(x+ nˆµ + ˆ˜a) +
1
4
θθ˜ǫµνθ
µθν∂(s)ρ ∂
(s)
ρ ϕ(x). (4.50)
Again the above expansion of chiral and anti-chiral superfields are exactly the same
as one would obtain in the continuum, with the partial derivative replaced by the
symmetric finite difference on the lattice and suitable shifts in the arguments of the
fields.
5 N = 2 SUSY invariant BF and Wess-Zumino
actions on the lattice
Based on the formulation of N = 2 twisted superspace formalism on the lattice,
we can explicitly construct SUSY invariant BF and Wess-Zumino actions on the
lattice. The construction proceeds quite parallel to the continuum formulation with
the introduction of suitable noncommutative shifts for the Abelian case. In the case
of non-Abelian extension we need to take care of the nontrivial shift dependence of
the superfield.
5.1 Abelian super BF in two dimensions
We first consider the case of fermionic chiral and anti-chiral superfield which leads to
the twisted N = 2 SUSY invariant quantized BF action on the lattice. We expand
the reduced superfield Ψ′(x, θ) and Ψ
′
(x, θ) given in (4.47) and (4.48) with the same
renaming of the fields as the continuum expression (3.40):
Ψ′(xµ, θµ) = UΨ(xµ, θ, θµ, θ˜)U−1 = eθ
µsµic(x)
= ic(x) + iθµsµc(x) + iθ
1θ2s2s1c(x)
= ic(x) + θµωµ(x+ aˆµ) + iθ
1θ2λ(x+ aˆ1 + aˆ2),
Ψ
′
(xµ, θ, θ˜) = U−1Ψ(xµ, θ, θµ, θ˜)U = eθs+θ˜s˜ic¯(x)
= ic¯(x) + iθsc¯(x) + iθ˜s˜c¯(x) + iθθ˜s˜sc¯(x)
= ic¯(x) + θb(x+ aˆ) + θ˜φ(x+ ˆ˜a)− iθ θ˜ρ(x+ aˆ+ ˆ˜a). (5.1)
These are the lattice counterpart of the relations in (3.38) and provide additional
reasonings why the component fields in the chiral and anti-chiral superfields need
the corresponding shifts. Since the supercharge sA carries the noncommutative shift
2aˆA, the lattice coordinate of sAϕ(x) is naturally correlated with the aˆ
µ
A direction.
In order to keep the symmetric nature of the formulation as we have shown in the
last section of (4.18), we define the new field ϕ(x + aˆA) = sAϕ(x) on the center of
the coordinate between xµ and xµ + 2aµA. See Fig. 5.
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asymmetric choice of shift parameters
B).
Compared with the general superfield of (4.29), the chiral and anti-chiral super-
fields have smaller number of elementary components which are again nonlocally
scattered within the double size lattice. For the cases of the symmetric choice of the
shift parameter A) in (4.12) and the asymmetric choice B) in (4.13), we show how
the component fields of the chiral and anti-chiral superfields are scattered on the
lattice in Fig. 6 and Fig. 7, respectively. For the case of the symmetric choice of the
parameter A), the fermionic fields are on the integer lattice sites or equivalently the
original lattice sites while the bosonic fields are on the half integer lattice namely on
the dual lattice sites. For the case of the asymmetric parameter choice B), fermions
and bosons are mixed up on the integer lattice sites. It is interesting to note that
the nonlocal extension of the fields is limited in the double size lattice for both cases.
This structure of the locations of component fields on the lattice is expected from
the general arguments of Section 4.
The SUSY transformation of the component fields of the chiral and anti-chiral
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φA sφA sµφ
A s˜φA
c(x) 0 −iωµ(x+ aˆµ) 0
ων(x+ aˆν) ∂
(s)
ν c(x+ nˆν) −iǫµνλ(x+ aˆ1 + aˆ2) −ǫνρ∂
(s)
ρ c(x− nˆρ)
λ(x+ aˆ1 + aˆ2) ǫρσ∂
(s)
ρ ωσ(x+ nˆρ + aˆσ) 0 −∂
(s)
ρ ωρ(x− aˆ)
c¯(x) −ib(x+ aˆ) 0 −iφ(x+ ˆ˜a)
b(x+ aˆ) 0 ∂(s)µ c¯(x+ nˆµ) −iρ(x+ aˆ+ ˆ˜a)
φ(x+ ˆ˜a) iρ(x+ aˆ+ ˆ˜a) −ǫµρ∂
(s)
ρ c¯(x− nˆρ) 0
ρ(x+ aˆ + ˆ˜a) 0 −∂(s)µ φ(x+ nˆµ + ˆ˜a) 0
−ǫµρ∂
(s)
ρ b(x− nˆρ + aˆ)
Table 5: N=2 twisted SUSY transformation for Abelian BF model.
superfields on the lattice can be obtained from
sAΨ
′(xµ, θµ) =
−→
Q ′AΨ
′(xµ, θµ) + Ψ′(xµ + 2aˆA, θ
µ)
−→
Q ′A,
sAΨ
′
(xµ, θ, θ˜) =
−→
Q ′′AΨ
′
(xµ, θ, θ˜) + Ψ
′
(xµ + 2aˆA, θ, θ˜)
−→
Q ′′A, (5.2)
where the lattice version of
−→
Q ′A and
−→
Q ′′A in (3.37) are given by
−→
Q ′ =
∂
∂θ
+ iθµ
−→
∆+µ,
−→
Q˜ ′ =
∂
∂θ˜
− iθµǫµν
−→
∆−ν ,
−→
Q ′µ =
∂
∂θµ
, (5.3)
−→
Q ′′ =
∂
∂θ
,
−→
Q˜ ′′ =
∂
∂θ˜
,
−→
Q ′′µ =
∂
∂θµ
+ iθ
−→
∆+µ − iθ˜ǫµν
−→
∆−ν.
(5.4)
N = 2 twisted SUSY transformation for the component fields of chiral and anti-chiral
fields on the lattice is given in Table 5, where the symmetric difference operator
defined in (2.24) is used. Each of the term in the table has natural geometrical
meaning. For example sµc(x) defines a new field −iωµ(x + aˆµ) on the lattice site
x+ aˆµ as we can see in Fig.6. Then sων(x+ aˆν) defines the symmetric difference of
the field c on the site x+ aˆν + aˆ = x+ nˆν in ν direction.
The twisted N = 2 SUSY invariant BF action is obtained from a bilinear form
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of the lattice version of the chiral and anti-chiral fields as in the continuum:
SlatBF =
∫
d4θ
∑
x
iΨ(x, θ, θµ, θ˜) Ψ(x, θ, θµ, θ˜) (5.5)
=
∑
x
ss˜s1s2
(
−ic¯(x)c(x)
)
(5.6)
=
∑
x
[
φ(x− ˆ˜a)ǫµν∂
(s)
µ ων(x− ˆ˜a) + b(x− aˆ)∂
(s)
µ ωµ(x− aˆ)
−ic¯(x)∂(s)µ ∂
(s)
µ c(x) + iρ(x− aˆ− ˆ˜a)λ(x− aˆ− ˆ˜a)
]
(5.7)
=
∑
x
[
φ(x− ˆ˜a)ǫµν∂+µων(x+ aˆν) + b(x− aˆ)∂−µωµ(x+ aˆµ)
−ic¯(x)∂+µ∂−µc(x) + iρ(x− aˆ− ˆ˜a)λ(x− aˆ− ˆ˜a)
]
, (5.8)
where two equivalent expressions with symmetric difference operators and with for-
ward and backward difference operators are given. In the case of the symmetric
difference operator the assigned field coordinate is located in the middle of the coor-
dinate of the difference fields while in the case of the forward and backward difference
operator the assigned field coordinate is the ending and starting site of the corre-
sponding difference. The twisted N = 2 SUSY invariance up to the surface terms
is obvious since the action has an exact form with respect to the twisted lattice
supercharges. We show the component fields of super BF action on the lattice for
the symmetric choice of the shift parameters A) in Fig.8.
Component fields except for the leading one are generated by operating super-
charges on the leading and carry the same noncommutativity as supercharges. For
example, ωµ(aˆµ) = isµc(x) carries the noncommutative shift 2aˆµ in addition to a
possible shift carried by c(x). Here we assume c(x) and c¯(x) do not carry a shift.
Then we should be careful when interchanging the order of product. In the action,
however, we can freely interchange the field cyclicly without shift of the arguments:
SlatBF ∼
∑
x
[
sc¯(x+ 2ˆ˜a+ 2aˆ1 + 2aˆ2)s˜s1s2c(x) + · · ·
]
(5.9)
=
∑
x
[s˜s1s2c(x+ 2aˆ)sc¯(x) + · · · ] (5.10)
=
∑
x
[s˜s1s2c(x)sc¯(x− 2aˆ) + · · · ] . (5.11)
In the first equality, we change the order of the product by taking into account the
noncommutativity. Next we shift the argument in the summation. Since the shift
parameters satisfy eq.(4.10),
aˆ+ aˆ1 + aˆ2 + ˆ˜a = 0, (5.12)
−2aˆ in eq.(5.11) can be replaced by 2ˆ˜a + 2aˆ1 + 2aˆ2 and thus we recover the orig-
inal argument of c¯. It is straightforward to generalize this argument into a cyclic
interchange of three or more fields.
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Figure 8: Component fields of Abelian super BF action on the lattice for the sym-
metric choice of the shift parameters A).
It is interesting to note that each term in the action has geometrical meaning.
For example the field φ(x − ˆ˜a) is located in the middle of the surrounding fields
ω2(x− ˆ˜a± nˆ1) and ω1(x− ˆ˜a± nˆ2) which define the rotation ǫµν∂
(s)
µ ων(x− ˆ˜a). The
field b(x − aˆ) is located at the center of a cross composed by ω1(x − aˆ ± nˆ1) and
ω2(x − aˆ ± nˆ2) which define the divergence ∂−µωµ(x + aˆµ). In the case of the
symmetric parameter choice A), c¯(x), c(x) and ρ(x− aˆ− ˆ˜a), λ(x− aˆ− ˆ˜a) are located
in the same lattice site x since aˆ+ ˆ˜a = 0.
It is important to recognize that c¯(x) and (φ(x − ˆ˜a), b(x − aˆ)) are in the same
coordinate sum of the action (5.8) while (φ(x − ˆ˜a), b(x − aˆ)) are not included in
the component expansion of the anti-chiral superfields Ψ
′
(x, θ, θ˜) in (5.1) where c¯(x)
is the leading component. Instead φ(x − ˆ˜a) and b(x− aˆ) belong to the component
expansion of Ψ
′
(xµ+nˆ1+nˆ2, θ, θ˜) and Ψ
′
(xµ−nˆ1−nˆ2, θ, θ˜), respectively. Therefore for
the symmetric choice A) the summation of the action should cover the coordinates
of (even,even)=(2n1, 2n2) and (odd,odd)=(2n1 + 1, 2n2 + 1) with n1, n2 ∈ Z:∑
x
=
∑
(even,even)
+
∑
(odd,odd)
. (5.13)
As we have explained in Section 4, this structure of summation region of lattice sites
naturally appears from the general arguments as well.
We also show the component fields of super BF action on the lattice for the
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Figure 9: Component fields of Abelian super BF action on the lattice for the asym-
metric choice of the shift parameters B).
asymmetric choice of the shift parameters B) in Fig.9 where only the summation of
(even,even) sites appears for coordinate sum of the action, which can be understood
from the general arguments in the last section.
5.2 N = 2 supersymmetric Wess-Zumino action in two di-
mensions
We next consider the bosonic version of the chiral and anti-chiral superfields (4.47)
and (4.48):
Φ′(xµ, θµ) = UΦ(xµ, θ, θµ, θ˜)U−1
= φ(x) + θµψ
µ
(x+ aˆµ) + θ
2φ˜(x+ aˆ1 + aˆ2)
Φ
′
(xµ, θ, θ˜) = U−1Φ(xµ, θ, θµ, θ˜)U
= ϕ(x) + θχ(x+ aˆ) + θ˜χ˜(x+ ˆ˜a) + θθ˜ϕ˜(x+ aˆ + ˆ˜a), (5.14)
where we rename Ψ′ = Φ′, Ψ
′
= Φ
′
to show the bosonic nature of the superfields.
Compared with the fermionic superfields, the Grassmann nature of the component
fields in superfields is interchanged. Similar to the fermionic superfields, bosonic
chiral and anti-chiral superfields include fermionic and bosonic component fields
scattered within a double size lattice as shown in Fig.10 for the symmetric shift
parameter choice A), and in Fig.11 for the asymmetric shift parameter choice B).
In contrast with the component fields of the fermionic superfields the bosonic fields,
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φ(x), φ˜(x), ϕ(x) and ϕ˜(x) are located on the integer sites or equivalently on the
original lattice sites while the fermionic fields are on the dual sites for the symmetric
shift parameter choice A). The interchange of relative position of fermionic and
bosonic fields on the lattice for the asymmetric shift parameter choice B) works
similar to the symmetric case.
The N = 2 twisted SUSY transformation of component fields of superfields
can be obtained similar to the fermionic version by (5.2) with the same lattice
supercharge operators as (5.3) and (5.4). We list the SUSY transformation of the
component fields on the lattice in Table 6. The relative location between the original
field and the transformed field has a natural geometrical interpretation due to the
shifting nature of the twisted supercharge operators like the fermionic superfields.
We can now obtainN = 2 twisted super symmetric action by the bilinear product
of the chiral and anti-chiral bosonic superfields which has an exact form with respect
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φA sφA sµφ
A s˜φA
φ(x) 0 ψ
µ
(x+ aˆµ) 0
ψ
ν
(x+ aˆν) −i∂+νφ(x) −ǫµν φ˜(x+ aˆ1 + aˆ2) iǫνµ∂
−µφ(x)
φ˜(x+ aˆ1 + aˆ2) iǫ
µν∂+µψν(x+ aˆν) 0 −i∂−µψ
µ(x+ aµ)
ϕ(x) χ(x+ aˆ) 0 χ˜(x+ ˆ˜a)
χ(x+ aˆ) 0 −i∂+µϕ(x) ϕ˜(x+ aˆ+ ˆ˜a)
χ˜(x+ ˆ˜a) −ϕ˜(x+ aˆ+ ˆ˜a) iǫµν∂
−νϕ(x) 0
ϕ˜(x+ aˆ + ˆ˜a) 0 iǫµν∂
−νχ(x+ aˆ) + i∂+µχ˜(x+ ˆ˜a) 0
Table 6: N=2 twisted SUSY transformation of component fields for the bosonic
superfield.
to all N = 2 twisted supercharges:
SlatWZ =
∫
d4θ
∑
x
Φ(x, θ, θµ, θ˜) Φ(x, θ, θµ, θ˜)
= ss˜s1s2
∑
x
ϕ(x)φ(x)
=
∑
x
[
ϕ(x)∂+µ∂−µφ(x) + ϕ˜(x+ aˆ1 + aˆ2)φ˜(x+ aˆ1 + aˆ2)
+iχ(x− aˆ)∂−µψµ(x+ aˆµ) + iǫµν χ˜(x−
ˆ˜a)∂+µψν(x+ aˆµ)
]
=
∑
x
[
−φ
i
(x)∂+µ∂−µφi(x)− F i(x+ aˆ1 + aˆ2)F i(x+ aˆ1 + aˆ2)
+iξ¯
iα
(x)(γµ)αβ
∂+µ + ∂−µ
2
ξ
βi
(x)− iξ¯
iα
(x)(γ5)αβ
∂+µ − ∂−µ
2
ξ
βj
(x)(γ5γµ)ji
]
.
(5.15)
Here we redefine new bosonic fields by the linear combination of the bosonic compo-
nent fields of superfields while we recombine the scalar, vector and tensor fermionic
fields into the Dirac fields (to be precise Majorana field) by the Dirac-Ka¨hler fermion
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mechanism as follows:
F 1(x+ aˆ1 + aˆ2) =
1
2
(
φ˜(x+ aˆ1 + aˆ2)− ϕ˜(x+ aˆ1 + aˆ2)
)
,
F 2(x+ aˆ1 + aˆ2) =
i
2
(
φ˜(x+ aˆ1 + aˆ2) + ϕ˜(x+ aˆ1 + aˆ2)
)
,
φ
1
(x) =
1
2
(
φ(x)− ϕ(x)
)
,
φ
2
(x) =
i
2
(
φ(x) + ϕ(x)
)
,
ξ
αi
(x) =
1
2
(
χ(x− aˆ) + γµψµ(x− aˆ + nˆµ) + γ5χ˜(x− aˆ+ nˆ1 + nˆ2)
)
αi
.
(5.16)
We can recognize that the first three terms in the last action are the two copies
of the Wess-Zumino action in two dimensions. On the other hand the last term in
the action mixes the components of Dirac fermions by N = 2 SUSY transformation,
which is necessary to keep the exact N = 2 SUSY on the lattice for the whole action.
We thus recognize that this action is the Wess-Zumino action on the lattice. We
show the configuration of the component fields for the Wess-Zumino action on the
lattice in Fig.12 for the symmetric shift parameter choice A), where the summation
of the action should again cover the coordinates of (even,even) and (odd,odd) sites:
∑
x
=
∑
(even,even)
+
∑
(odd,odd)
. (5.17)
We show the case of the asymmetric shift parameter choice B) in Fig. 13, where the
coordinate sum of the action covers (even,even) sites.
The third term in the action is the standard kinetic term of Dirac fermion with
first derivative while the last term includes second derivative for the fermionic fields
and thus higher order with respect to the lattice constant. Those terms stem from
the well-known relations between the Dirac-Ka¨hler fermion, staggered fermion and
Kogut-Susskind fermion formulation on the lattice [7, 8, 26]. It is interesting to
recognize that to keep the exact SUSY invariance for the Wess-Zumino model on
the lattice naive lattice version of the Wess-Zumino action is not enough to ensure
the SUSY invariance on the lattice. The Dirac-Ka¨hler fermion mechanism should be
fundamentally introduced with extended SUSY of N = 2, which is twisted N = 2
SUSY in two dimensions. In the current formulation the component fields: χ(x −
aˆ), ψ
µ
(x − aˆ + nˆµ) and χ˜(x − aˆ + nˆ1 + nˆ2) can be recognized from (5.16) as the
differential form of 0-, 1- and 2-form, respectively, and are defined on the site, link
and plaquette of the dual lattice for the symmetric shift parameter choice A) which
can be seen in Fig.12, while it has similar structure on the double size original lattice
for the asymmetric shift parameter choice B), which we can recognize in Fig.13.
In the above expression of the Wess-Zumino action we have used forward and
backward difference operators to avoid unnecessary confusion instead of using the
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Figure 12: Component fields of Wess-Zumino action for the symmetric choice of the
shift parameters A).
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Figure 13: Component fields of Wess-Zumino action for the asymmetric choice of
the shift parameters B).
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symmetric difference operator. In using the symmetric difference operator the last
term of the action includes the difference of the symmetric difference operator which
superficially vanishes. We need some care to translate ∂+µ−∂−µ into the difference of
symmetric difference operator. In defining the new bosonic fields we have introduced
imaginary component in the definitions of F 2(x + aˆ1 + aˆ2) and φ2(x) to make the
final form the same as the Wess-Zumino action. This identification is related to do
with the indefinite metric nature of the quantized ghost, which is more clearly stated
in the formulation of N = 2 twisted superspace formalism in the continuum[11].
The standard N = 2 SUSY transformation for the bosonic fields, auxiliary fields
and fermion fields for the Wess-Zumino model on the lattice can be obtained from
the corresponding twisted SUSY transformation of the component fields. The result
is given in Appendix B.
5.3 Non-Abelian extension of super BF
The Abelian BF model constructed in the previous subsection has no requirement
for the shifting properties of Ψ(x, θ) and Ψ(x, θ), which means that one can simply
take Ψ(x, θ) and Ψ(x, θ) as shift-less superfields Ψ(x, θ) and Ψ(x, θ), respectively.
On the other hand, if one wishes to construct a non-Abelian BF model on the
lattice, a more careful treatment would be needed and we will actually see that the
distinction between Ψ(x, θ) and Ψ(x, θ) is crucial to construct a non-Abelian model
in a consistent way on the lattice.
Keeping the above points in mind, one may begin with the following lattice
counterparts of non-Abelian chiral and anti-chiral conditions (3.47) and (3.48),
DΦ(x, θ)− iΦ(x, θ)2 ≡
i
2
{D − iΦ(x, θ), D − iΦ(x, θ)} = 0, (5.18)
D˜Φ(x, θ) ≡ {D˜,Φ(x, θ)} = 0, (5.19)
DµΨ(x, θ) ≡ {Dµ,Ψ(x, θ)} = 0, (5.20)
which are expressed with DA’s defined in (4.36) and shift-less superfields Φ(x, θ)
and Ψ(x, θ). The crucial point here is to notify from (5.18) that if one wishes to
rewrite the chiral and anti-chiral conditions with the arrowed operators as in (4.37),
the shifting property of D and Φ(x, θ) should coincide. In other words the shift
operator to relate D and D or Φ(x, θ) and Φ(x, θ) should be matched and thus one
needs to introduce Φ(x, θ) as
Φ(x, θ) = T (aˆ)Φ(x, θ)T (aˆ), (5.21)
and in a similar way for Ψ(x, θ),
Ψ(x, θ) = T (aˆ)Ψ(x, θ)T (aˆ), (5.22)
where θA’s are defined in(4.16). Furthermore, in order to ensure the shift-less prop-
erty of resulting action, one also needs to introduce Ψ(x, θ) with a opposite sign of
shifting parameter aˆ,
Ψ(x, θ) = T (−aˆ)Ψ(x, θ)T (−aˆ), (5.23)
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so that the shift operator for the combination Ψ(x, θ)Φ(x, θ) vanishes. Note that in
the above definitions the underlined superfields are introduced symmetrically w.r.t.
T (aˆA) which reproduces the similar coordinate dependence as the component fields
of the superfields in the previous subsection.
With using the above definitions, the non-Abelian chiral conditions (5.18),(5.19)
and (5.20) now can be rewritten as
−→
DΦ(x− aˆ, θ) + Φ(x+ aˆ, θ)
−→
D − iΦ(x+ aˆ, θ)Φ(x− aˆ, θ) = 0, (5.24)
−→
D˜Φ(x− ˆ˜a, θ) + Φ(x+ ˆ˜a, θ)
−→
D˜ = 0, (5.25)
−→
DµΨ(x− aˆµ, θ) + Ψ(x+ aˆµ, θ)
−→
Dµ = 0, (5.26)
where the lattice coordinate of the underlined superfields are shifted to x ± aˆA by
taking off the shift operators T (aA) symmetrically from (5.18), (5.19) and (5.20).
This symmetric coordinate dependence of the above chiral conditions has the same
structure as that of the symmetric operator acting on the superfield as in (4.28).
The solution for Φ(x) can be found in a parallel way as in the continuum case,
Φ(x− aˆ, θ) = Ψ(x− aˆ, θ) + iθΨ(x+ aˆ, θ)Ψ(x− aˆ, θ), (5.27)
where Ψ(x± aˆ, θ) satisfies
−→
DΨ(x− aˆ, θ) + Ψ(x+ aˆ, θ)
−→
D = 0, (5.28)
−→
D˜Ψ(x− ˆ˜a, θ) + Ψ(x+ ˆ˜a, θ)
−→
D˜ = 0. (5.29)
The component-wise expansions for Ψ(x, θ) and Ψ(x, θ) can be expressed using the
operator U defined in (4.40) as
Ψ(x+ aˆ, θ) = U−1Ψ′(x+ aˆ, θ)U, Ψ(x+ aˆ, θ) = UΨ
′
(x+ aˆ, θ)U−1, (5.30)
with
Ψ′(x+ aˆ, θ) = ic(x+ aˆ) + θµωµ(x+ nˆµ) + iθ1θ2λ(x+ nˆ1 + aˆ2), (5.31)
Ψ
′
(x+ aˆ, θ) = ic¯(x+ aˆ) + θb(x+ 2aˆ) + θ˜φ(x+ aˆ+ ˆ˜a)− iθθ˜ρ(x+ 2aˆ+ ˆ˜a).(5.32)
The locations of the component fields appeared in the above superfields are depicted
in Fig.14 for the symmetric choice of the shift parameters A) while for the asymmet-
ric choice B) one can show that the configurations coincide with the Abelian case
(Fig.7). It is important to note here that in the symmetric choice A), the fermionic
fields are located on the half-integer sites namely dual sites while the bosonic fields
are on the integer sites or equivalently the original sites, which is in contrast with
the situation in the Abelian BF model. It is also interesting to point out that ωµ
now lives on the site x + nˆµ and carries the shift 2nˆµ and thus has a nature of link
gauge variable, which is in contrast with the Abelian case where ωµ lives on the
site x + aˆµ and carries the shift 2aˆµ. This difference stems from the fact that the
superfields themselves now carry the shift for the non-Abelian case.
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φA sφA sµφ
A s˜φA
c(x+ aˆ) −c(x+ 3aˆ)c(x+ aˆ) −iωµ(x+ nˆµ) 0
ων(x+ nˆν) ∂
(s)
ν c(x+ nˆν + aˆ) −iǫµνλ(x+ nˆν + aˆµ) −ǫνρ∂
(s)
ρ c(x+ nˆν + ˆ˜a)
+[ων , c](x+ nˆν + aˆ)
λ(x+ nˆ1 + a2) ǫρσ∂
(s)
ρ ωσ(x+ nˆ1 + nˆ2) 0 −∂
(s)
ρ ωρ(x)
+(ǫρσωρωσ)(x+ nˆ1 + nˆ2)
−{c, λ}(x+ nˆ1 + nˆ2)
c¯(x+ aˆ) −ib(x+ 2aˆ) 0 −iφ(x+ aˆ + ˆ˜a)
b(x+ 2aˆ) 0 ∂(s)µ c¯(x+ aˆ+ nˆµ) −iρ(x+ 2aˆ+ ˆ˜a)
φ(x+ aˆ+ ˆ˜a) iρ(x+ 2aˆ+ ˆ˜a) −ǫµρ∂
(s)
ρ c¯(x+ aˆ− nˆρ) 0
ρ(x+ 2aˆ+ ˆ˜a) 0 −∂(s)µ φ(x+ 2aˆ− |ǫµρ|nˆρ) 0
−ǫµρ∂
(s)
ρ b(x+ 2aˆ− nˆρ)
Table 7: N = 2 twisted SUSY non-Abelian transformation for the component fields.
The SUSY transformation can now be obtained in a straightforward way from
sAΦ(x+ aˆ, θ) =
−→
QA Φ(x+ aˆ, θ) + Φ(x+ aˆ+ 2aˆA, θ)
−→
QA, (5.33)
sAΨ(x+ aˆ, θ) =
−→
QA Ψ(x+ aˆ, θ) + Ψ(x+ aˆ+ 2aˆA, θ)
−→
QA, (5.34)
whose results are summarized in Table 7 with the following notations:
∂(s)µ ϕ(x) = ϕ(x+ nˆµ)− ϕ(x− nˆµ), (5.35)[
ωµ, c
]
(x) ≡ ωµ(x+ aˆ)c(x− nˆµ)− c(x+ nˆµ)ωµ(x− aˆ), (5.36)
(ǫµνωµων)(x) ≡ ǫµνωµ(x+ nˆν)ων(x− nˆµ), (5.37)
{c, λ}(x) ≡ c(x+ nˆ1 + aˆ2)λ(x− aˆ) + λ(x+ aˆ)c(x− nˆ1 − aˆ2). (5.38)
Since we use the symmetric difference operator, the coordinate dependence in the
SUSY transformation table is cooperated to the SUSY operation as in the Table 4.
We can construct a super invariant action in the similar way as in the Abelian
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model,
SlatNABF =
∫
dθ4
∑
x
tr i Ψ(x, θ)Φ(x, θ) (5.39)
=
∫
dθ4
∑
x
tr i Ψ(x+ aˆ, θ)Φ(x+ aˆ, θ) (5.40)
=
∑
x
tr ss˜s1s2
(
−ic¯(x+ aˆ)c(x+ aˆ)
)
(5.41)
=
∑
x
tr
[
φ(x+ aˆ− ˆ˜a)
[
ǫµν∂
(s)
µ ων(x+ aˆ− ˆ˜a)
+(ǫµνωµων)(x+ aˆ− ˆ˜a)− {c, λ}(x+ aˆ− ˆ˜a)
]
+b(x)∂(s)µ ωµ(x)− ic¯(x+ aˆ)∂
(s)
µ D
(s)
µ c(x+ aˆ)
+iρ(x− ˆ˜a)λ(x− ˆ˜a)
]
(5.42)
=
∑
x
tr
[
φ(x+ aˆ− ˆ˜a)
[
ǫµν∂+µων(x− aˆµ − ˆ˜a)
+(ǫµνωµων)(x+ aˆ− ˆ˜a)− {c, λ}(x+ aˆ− ˆ˜a)
]
+b(x)∂−µωµ(x+ nˆµ)− ic¯(x+ aˆ)∂−µD+µc(x+ aˆ)
+iρ(x− ˆ˜a)λ(x− ˆ˜a)
]
, (5.43)
where the second line (5.40) is obtained from the first line by inserting Eqs (5.21)
and (5.23) and moving the shift operator T (±aˆ) to cancel each other and thus no
redundant shift operator appears in the action. The covariant difference operators
in (5.42) and (5.43) are introduced as,
D(s)µ c(x) ≡ ∂
(s)
µ c(x) + [ωµ, c](x), (5.44)
D+µc(x) ≡ ∂+µc(x) + [ωµ, c](x+ nˆµ), (5.45)
respectively, and again the notation (5.35)∼(5.38) are used. Even with the interac-
tion terms, the exactness of the action with respect to the all twisted supercharges
ensures the N = 2 twisted SUSY invariance by construction. The field configura-
tions appeared in the action on the lattice are depicted in Fig. 15 for the symmetric
choice of the shift parameters A), while for the asymmetric choice B), one can again
show that the locations of the component fields coincides with the Abelian case
(Fig.9). For the symmetric choice A) the summation of the lattice coordinates for
the action should cover the same coordinate sites as the Abelian case:∑
x
=
∑
(even,even)
+
∑
(odd,odd)
, (5.46)
while it covers (even, even) sites for the asymmetric choice B) similar to the Abelian
case again.
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Figure 14: Non-Abelian field configurations in the superfield for the symmetric
choice of the shift parameters A).
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Figure 15: Component fields of non-Abelian super BF action on the lattice for the
symmetric choice of the shift parameters A).
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6 Summary and Discussions
We have proposed a new formulation of a twisted superspace on a lattice based on the
continuum formulation. The most important difference from the previous trials of
formulating SUSY on the lattice is that we have introduced mild noncommutativity
between the difference operators and fields to preserve the Leibniz rule on the lattice.
As a result an exact extended SUSY for all the twisted supercharges is realized on
the lattice.
The origin of the noncommutative nature of the difference operator stems from
the fact that the shift operator itself plays a role of difference operator in the rep-
resentation space of a commutator. Since the twisted super algebra includes the
difference operator, the twisted supercharges carry the noncommutative shifts cor-
respondingly. We found the consistency conditions of the shift parameters explicitly
for N = 2 twisted SUSY algebra in two dimensions. Those consistency conditions
naturally led to define the supercharge differential operators in a consistent way,
where the twisted super parameters need to carry the opposite shifts to the corre-
sponding supercharges.
Parallel to the continuum twisted superspace formulation, we have introduced
a twisted superspace on the lattice. The crucial difference from the continuum
formulation is that each of the component fields of the superspace carries the shifting
nature since the supercharges and parameters both carry the shifts. We have found
a new type of unexpected three-dimensional lattice structure which is generated by
the consistency condition of the noncommutativity between a N = D = 2 twisted
superfield and super parameters. This three-dimensional lattice has a cell structure
where unit cell contains all the component fields of a superfield with chiral pairs
per site. When the three-dimensional lattice is reduced into two dimension, the
lattice super field still has an interesting geometrical interpretation about how the
component fields of the superfield are scattered semilocally within a double size
lattice in a systematic way. The reason why the component fields are confined
within a double size lattice is due to the Grassmann odd nature of the twisted super
parameters which carry the noncommutative shifts.
Based on the formulation of twisted superspace on the lattice we have constructed
explicit examples of super BF models and Wess-Zumino models in two dimensions.
Those actions have exact N = 2 twisted SUSY invariance on the lattice for all the
twisted supercharges. Each term in the action has a geometrical correspondence with
the location of the fields. The lattice counterpart of Wess-Zumino model which has
the standard N = 2 SUSY invariance on the lattice has a second derivative Dirac
fermion term which is necessary to preserve exact SUSY and originally appeared
from the Dirac-Ka¨hler fermion mechanism on the lattice[7, 8, 26]. In the non-Abelian
extension of super BF model the chiral condition required the same shifting property
between the super covariant derivative and the superfield which led to enforce a
nontrivial shift to the superfield itself in contrast with the Abelian case. Exact
N = 2 twisted SUSY invariance is assured even with the non-Abelian interaction
terms.
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As we show in Section 5, the component fields in the action are cyclically per-
mutable due to the vanishing property of total sum of the shift parameters. It is
then effectively similar as if the underlined fields do not carry the noncommutative
shifts and have the similar feature as the standard shift-less fields. It is, however, an
open question if this feature remains true in the quantum level and in the continuum
limit of the lattice.
In this paper we have given a general formulation of twisted superspace for-
malism on the lattice. As a specific example, however, we have chosen particular
models: super BF and Wess-Zumino models which are constructed by the bilinear
form of chiral and anti-chiral superfields. It is natural to ask if we can formulate
twisted super Yang-Mills action on the lattice which was already formulated in the
continuum twisted superspace in two dimensions[10, 11]. The answer is affirmative
and it will be given elsewhere[27]. The next immediate question could be if we can
extend N = D = 2 twisted superspace formalism on the lattice into four dimensions.
We first need continuum N = D = 4 twisted superspace formalism which will be
published soon[28].
Another important question could be to understand the twisting mechanism
from algebraic point of view on the lattice. As it was pointed out in [10, 11] that
the twisting mechanism is essentially the Dirac-Ka¨hler fermion mechanism and the
R-rotation of the twisted super algebra is equivalent to the rotation of the flavor
suffixes of the Dirac-Ka¨hler fermion. We need to clear up how the ghost related
fermionic fields having an integer spin leads to construct Dirac or Majorana half
integer spin fermion on the lattice. This problem is essentially related to the chiral
fermion problem as well.
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Appendix
A Notations
We use the following notation for γ matrices:
γ1 = σ3 γ2 = σ1 γ5 = γ1γ2. (A.1)
γTµ = γµ(µ = 1, 2) and γ
T
5 = −γ5. They satisfy
{γµ, γν} = 2δµν (A.2)
CγµC
−1 = γTµ , (A.3)
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where C is a charge conjugation matrix and can be taken as C = 1 in Euclidean
two dimensions.
The following relations are useful in the formulation of Dirac-Ka¨hler fermion
mechanism:
1ij1kl + (γµ)ij(γµ)kl + (γ5)ij(γ5)kl = 2δikδjl, (A.4)
1ij1kl − (γµ)ij(γµ)kl + (γ5)ij(γ5)kl = 2(γ5)ik(γ5)jl. (A.5)
B N = 2 SUSY transformation for the component
fields of Wess-Zumino action
Here we explicitly give the N = 2 SUSY transformation of fields for the Wess-
Zumino model in two dimensions. These SUSY transformations can be derived by
the twisted SUSY transformation of the original component fields from superfields.
Dirac-Ka¨hler fermion mechanism is essentially used to transform from the tensor
suffixes to the spinor suffixes.
For the scalar field N = 2 SUSY transformation is given by
sαiφ1(x) = (γ5)αβξβj(x)(γ5)ji
−
1
2
δαiδjβ
(
ξ
βj
(x+ 2aˆ)− ξ
βj
(x)
)
+
1
2
(γ5)αi(γ5)jβ
(
ξ
βj
(x+ 2ˆ˜a)− ξ
βj
(x)
)
sαiφ2(x) = iξαi(x)
+
i
2
δαiδjβ
(
ξ
βj
(x+ 2aˆ)− ξ
βj
(x)
)
−
i
2
(γ5)αi(γ5)jβ
(
ξ
βj
(x+ 2ˆ˜a)− ξ
βj
(x)
)
.
(B.1)
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For Dirac-Ka¨hler fermion fields the N = 2 SUSY transformation is given by
sαiξβj(x)
= −(γ5)αβδijF 1(x+ aˆ1 + aˆ2) + iδαβ(γ5)ijF 2(x+ aˆ1 + aˆ2)
+ i(γµγ5)αβ(γ5)ij
∂+µ + ∂−µ
2
φ
1
(x)− (γµ)αβδij
∂+µ + ∂−µ
2
φ
2
(x)
−
1
2
(γ5)αiδβj
(
F 1(x+ aˆ1 + aˆ2 + 2ˆ˜a)− F 1(x+ aˆ1 + aˆ2)
)
+
1
2
δαi(γ5)βj
(
F 1(x+ aˆ1 + aˆ2 + 2aˆ)− F 1(x+ aˆ1 + aˆ2)
)
−
i
2
(γ5)αiδβj
(
F 2(x+ aˆ1 + aˆ2 + 2ˆ˜a)− F 2(x+ aˆ1 + aˆ2)
)
+
i
2
δαi(γ5)βj
(
F 2(x+ aˆ1 + aˆ2 + 2aˆ)− F 2(x+ aˆ1 + aˆ2)
)
+ i(γ5)αβ(γµγ5)ij
∂+µ − ∂−µ
2
φ
1
(x)
−
i
2
(γµ)αiδβj∂+µ
(
φ
1
(x)− φ
1
(x− 2aˆ)
)
−
i
2
(γµγ5)αi(γ5)βj∂−µ
(
φ
1
(x)− φ
1
(x− 2ˆ˜a)
)
− δαβ(γµ)ij
∂+µ − ∂−µ
2
φ
2
(x)
+
1
2
(γµ)αiδβj∂+µ
(
φ
2
(x)− φ
2
(x− 2aˆ)
)
+
1
2
(γµγ5)αi(γ5)βj∂−µ
(
φ
2
(x)− φ
2
(x− 2ˆ˜a)
)
.
(B.2)
For the auxiliary fields we obtain the following SUSY transformation:
sαiF 1(x+ aˆ1 + aˆ2) = i
∂+µ + ∂−µ
2
(γµγ5)αβξβi(x)
+ i
∂+µ − ∂−µ
2
(γ5)αβξβj(x)(γµ)ji
−
i
2
(γ5γµ)αiδjβ∂−µ
(
ξ
βj
(x− 2ˆ˜a)− ξ
βj
(x)
)
+
i
2
(γµ)αi(γ5)jβ∂+µ
(
ξ
βj
(x− 2aˆ)− ξ
βj
(x)
)
(B.3)
sαiF 2(x+ aˆ1 + aˆ2) =
∂+µ + ∂−µ
2
(γµ)αβξβj(x)(γ5)ji
+
∂+µ − ∂−µ
2
ξ
αj
(x)(γ5γµ)ji
−
1
2
(γ5γµ)αiδjβ∂−µ
(
ξ
βj
(x− 2ˆ˜a)− ξ
βj
(x)
)
+
1
2
(γµ)αi(γ5)jβ∂+µ
(
ξ
βj
(x− 2aˆ)− ξ
βj
(x)
)
. (B.4)
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